CONSTRUCTING REAL NUMBERS BY DEDEKIND’S CUTS IN
A SLIGHTLY MODIFIED WAY

IWASE, ZJUNICI

Let @ be the set of all the rational numbers. Let Q4 (resp. Q_) be the set of
all the positive (resp. negative) rational numbers.

1. Cuts oF Q

Definition 1.1 The ordered pair o = (Ag, A1) of subsets of Q is called a cut of
Q (or just a cut) if the following conditions are satisfied.

(i) Ao # 0 and Ay # 0.

(if) AgU A1 = Q or Q\ {r}, where r is a rational number.

(iii) If ap € Ap and a1 € Ay, then ag < a3 holds. Moreover, if AgUA4; = Q\ {r},
then ap < r < ay holds.

(iv) Ag does not have a maximum number. A; does not have a minimum number.

The set of all the cuts of Q is denoted by X.

Let S be a subset of Q. Put —S = {—s|s € S}.

Lemma 1.2 Let a = (A, 41) be any cut. Then, (—A;,—Ap) is a cut. If
AO U A1 = @ \ {’/‘}, then (—Al) @] (—Ao) = Q \ {—7‘}

Proof. (i) There exists an element ag in Ag. Since —ag € — Ay, therefore, we
have —Ag # (). Similarly, we have —A; # 0.

(ii) Assume that AgUA; = Q. Let s be any rational number. Then, —s € Ay or
—s € Aj holds. This means that s € —Ag or s € —A;. Hence (—A4;) U (—4p) = Q.

Assume that Ag U 41 = Q\ {r}. Let s be any rational number with s # —r.
Then, —s € Ag or —s € A; holds. This means that s € —Ag or s € —A;. If
—r € (—A1) U (—Ap), then we have r € Ag U A;. This is a contradiction. Hence
(—A41)U(=40) =Q\ {-r}.

(iii) Assume that ag € —Ap and that a1 € —A;. Since —ag € Ag and —a; € Ay,
therefore —ag < —ay holds. Hence we have a; < ag. Moreover, assume that
AgUA; =Q\ {r}. Since —ag < r < —ay, therefore we have a1 < —r < ag.

(iv) Let ag be an element of —A;. Then, —ap is an element of A;. Since A;
does not have a minimum number, therefore there exists an element a’ in A; with
a’ < —ag. Since —a’ is an element of —A; and —a’ > ag, therefore ag is not a
maximum number of —A;. We know that —A; does not have a maximum number.
Similarly, we can prove that —Ag does not have a minimum number. ([

Remark Lemma 1.2 tells that the definition of a cut in Definition 1.1 is “sym-
metric”.

Definition 1.3 For any cut o = (Ag, A1), put —a = (—A41, —Ap).

Remark 1.4 Assume that a = (4o, A1) is a cut.

(i-a) 41 = Q\ Ap if @\ Ap does not have a minimum number. If Q\ Ay has a
minimum number 7, then 4; = Q\ (Ap U {r}). This means that A; is determined
by A().
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(i-b) Ag = Q\ A; if Q\ A; does not have a maximum number. If Q \ A; has a
maximum number 7, then Ag = Q\ (A; U{r}). This means that Ay is determined
by Al.

(ii-a) If a € Ag and o’ < a, then o’ € Ay holds.

(ii-a’) If o’ ¢ Ap and o’ < a, then a ¢ Ay holds.

(ii-a”) If a € Ag and a’ ¢ Ag, then a < o’ holds.

(ii-b) If a € Ay and a < o/, then a’ € Ay holds.

(ii-b’) If o’ ¢ Ay and a < d/, then a ¢ A; holds.

(ii-b”) If o’ € A7 and a ¢ A;, then a < a’ holds.

Lemma 1.5 For two cuts a = (Ag, A1) and 8 = (By, B1), Ag € By if and only
if A, D B,.

Proof. Assume that Ag C Bp. Then, there exists a rational number r such that
r ¢ Ag and r € By. Let = be any rational number in B;. Since (Byg, By) is a cut
and r € By and x € By, therefore we have r < . By Remark 1.4 (ii-a’) and the
fact that r» ¢ Ay and that r < x, we have ¢ Ay. If © ¢ Ay, then, by Remark
1.4 (ii-b’), we have r ¢ A;. Hence r, © ¢ Ay U Ay holds. This contradicts to the
definition of the cut. Therefore, x € A; holds. We have proved By C A;.

If By = Ay, then, by Remark 1.4 (i-b), Ao = By holds. This is a contradiction.
We have proved that By C A;.

The converse is proved similarly. ([l

Lemma 1.6 Let o = (4g, A1) and 3 = (By, B1) be two cuts. If Ag C By and
Ay C By, then a = 3 holds.

Proof. If Ag C By and A; C By, then, there exist two rational numbers ry and
r1 with ro € By \ Ao, 1 € By \ A;. Since 79 € By and r1 € By, therefore ro < ry.
Since rg ¢ Ag and r; ¢ A; and r¢ < rq, therefore r; ¢ Ag by Remark 1.4 (ii-a’) and
ro ¢ A1 by Remark 1.4 (ii-b’). Hense Q \ (Ag U A;) contains two distinct rational
numbers rg, r1. This is a contradiction. Therefore, we have Ag = By or A1 = B;.
By Remark 1.4 (i-a) or (i-b), we have the conclusion. O

2. ORDER ON THE SET OF ALL THE CUTS OF QQ

Definition 2.1 For two cuts a = (Ag, 41) and 8 = (By, B1), define a < § if
Ag C By. Define a < gifa < pand a # .

We also use the notation 5 > « (resp. [ > «), which is equivalent to o < 3
(resp. a < ).

Proposition 2.2 The relation < is a total order on X. i.e.

(1) For any cut «, we have a < a.

(2) For any cuts « and 3, if @ < § and 8 < «, then « = (8 holds.

(3) For any cuts a, § and 7, if « < 8 and 8 < v, then a < v holds.

(4) For any cuts o and 3, we have a < § or 8 < a.

Proof. Put a = (Ao,Al), ﬂ = (Bo,Bl), Y= (00,01).

(1) Since Ag C Ap, therefore we have o < a.

(2) Since Ay C By and By C Ay, therefore we have Ay = By. Hence o = 8 by
Remark 1.4 (i-a).

(3) Since Ay C By and By C Cy, therefore we have Ag C Cy. By definition,
a <+ holds.

(4) Assume that a € 5. Since Ay ¢ By, therefore there is a rational number r
with r € Ag and r ¢ By. Let x be any element in By. By Remark 1.4 (ii-a”), we
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have < r. By Remark 1.4 (ii-a) and the fact r € Ag, we have z € Ayg. We have
proved By C Ag. Hence 8 < a holds. O

3. INCLUSION MAP FROM Q TO THE SET OF ALL THE CUTS OF Q

Definition 3.1 Define the map ¢ : Q — X by «(r) = (] — oo, [, ]r, +00]).
Lemma 3.2 The map ¢ preserves order. i.e. if r < s, then ¢(r) < ¢(s) holds.
Proof. Assume that r < s. Denote ¢(r) by (Ro, R1) and ¢(s) by (Sp,S1). Note

that r € Sy and r ¢ Ry. By Proposition 2.2 (4), we have ¢(r) < i(s). O
Corollary 3.3 The map ¢ is injective.

4. ADDITION OF CUTS OF Q

Let S and T be subsets of rational numbers. Put S+ T = {s +t|s € S,t € T'}.

Proposition 4.1 For two cuts o = (Ag, 41) and 8 = (By, B1), put Co = Ag+ B,
C1 = Ay + By. Then, the following holds.

(a) (i) If z € Cy and a rational number y satisfies y < z, then we have y € Cj.
(ii) If 2 € C and a rational number y satisfies y > x, then we have y € Cj.

(b) (Cy,C4) is a cut.

Proof. (a) (i) Since x € Cy, therefore there exist rational numbers @ and b such
that a € Ag and b € By with ¢ = a+b. Put ¥ = b — (x —y). Since ¥’ < b and
b € By, therefore we have &’ € By by Remark 1.4 (ii-a). Since y = a + b, therefore
we have y € Cy. (ii) can be proved similarly.

(b) (i) Since Ag and By are non-empty set, therefore there exist rational numbers
ag and by such that ag € Ag and by € By. Since ag+bg is an element of Ag+Bgy = Cy,
therefore we have that C is not an empty set. Similarly, we can show that C; is
not empty.

(ii) Assume that Q \ (Co U C1) contains more than one rational number, z, y
with < y. Assume that z is a rational number with x < z < y. If 2 € Cj, then
x < z contradicts to (a)(i). If z € C1, then z < y contradicts to (a)(ii). We have
proved that x < z < y implies z ¢ Cop U C}.

Put r = (y — x)/4. Tt is a positive rational number. Consider the set of rational
numbers S = {--- , —4r, —3r, —2r, —r,0,r,2r,3r,4r, - - - }. There exists an integer m
such that {---,(m —3)r,(m — 2)r,(m — 1)r} C Ap and {(m + 1)r, (m + 2)r, (m +
3)r,---} C Aj. Similarly, there exists an integer n such that {---,(n — 3)r,(n —
2)r,(n—1)r} C By and {(n+1)r, (n+2)r,(n+3)r,---} C By. Then, {--- ,(m+n—
r, (m4+n—3)r, (m+n—2)r} C Cy and {(m+n+2)r, (m+n+3)r, (m+n+4)r,---} C
Cy. Note that at most three elements of S, namely, (m + n — 1)r, (m + n)r,
(m +n+ 1)r, are not contained Cy U C;. Since y — = = 4r, this is a contradiction.

We have shown that Q \ (Cy U C1) consists of at most one rational number.

(iii) For ¢ = 0, 1, let ¢; be an element of C;. Then there exists an element a; € A;
and an element b; € B; such that a; + b; = ¢;. Since ag < ay and by < by, therefore
cp < ¢1 holds.

Assume that Q\ (Co U Cy) = {r}. Assume that ¢y € Cy and ¢g > r. Then we
have r € Cy by (a)(i). This is a contradiction. Therefore we have ¢y < r. Assume
that ¢; € C1 and r > ¢;. Then we have r € C; by (a)(ii). This is a contradiction.
Therefore we have r < ¢;.

(iv) Let ¢ be an element of Cy. There exists an element a; € A; and an element
b; € B; such that a; + b; = ¢;. Since ag is not a maximum number of Ag, therefore
there exists an element aj, of Ay with ag < af. Since by is not a maximum number
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of By, therefore there exists an element b, of By with by < bf,. Since aj + b is an
element of Cy and greater than ag + by = ¢, therefore ¢y cannot be a maximum
number of Cy. Hence Cy does not have a maximum number. Similarly, we can
prove that C; does not have a minimum number. (I

Definition 4.2 For two cuts a = (Ap, A1) and 8 = (By, B1), define o + § =
(Ag + By, A1 + By).

By Proposition 4.1, this is a binary operation on X.

Lemma 4.3 Let a = (Ag, A1) and § = (By,B1) be two cuts of Q. Then
a+ B =+ a holds.

Proof. Since A;+B; = B;+ A; fori = 0, 1, therefore we have the conclusion. [

Lemma 4.4 Let o = (4p, A1), 8 = (Bo, B1) and v = (Cp, C1) be three cuts of
Q. Then (a+ f) +v = a+ (8 + ) holds.

Proof. Since (A; + B;)+C; = A;+ (B; + C;) for i = 0, 1, therefore we have the
conclusion. O

Lemma 4.5 The addition defined above commutes with the inclusion map ¢,
i.e. for any rational numbers r, s, we have ¢(r + s) = ¢(r) + ¢(s).

Proof. Put «(r) = (Ry, R1), t(s) = (So, S1), t(r +s) = (T, T1). If z € Ry and
y € Sy, then x < r and y < s hold. Since z +y < r + s, therefore x + y € Ty. This
means that Rg + So C Tp. Similarly, we can show that R; + 57 C T;. By Lemma

1.6, we have the conclusion. [l
Lemma 4.6 « + ¢(0) = ¢(0) + @ = « holds.
Proof. Put Oy =] — o0,0[ and O; =]0,+oco[. Note that ¢(0) = (Op,01). By
Remark 1.4 (ii-a) and (ii-b), we have Ag+ Oy C Ap and A; + 01 C A;. By Lemma
1.6 and Lemma 4.3, we have the conclusion. ([l

Lemma 4.7 For any cut o = (Ag, A1), we have a+ (—a) = (—a) + a = ¢(0).

Proof. Recall that ¢(0) = (Og, 01), where Oy =] — 00, 0] and Oy =|0, +00[. Let
¢ be an element of Ag 4+ (—A;1). There exist an element ag € Ay and an element
a1 € Ay with ¢ = ag + (—ay). Since ag < aq, therefore ¢ < 0. This means that
Ao + (A1) C Og. Similarly, let ¢ be an element of Ay 4+ (—Ap). There exist an
element a; € A; and an element ay € Ag with ¢ = a1 + (—ap). Since ag < a1,
therefore ¢ > 0. This means that A; + (—Ap) C O;. Lemma 1.6 and Lemma 4.3
completes the proof. O

We have proved the following.

Proposition 4.8 (X,+) is an abelian group. Its unit element is ¢(0). The
inverse of a is —a.

5. cuTs OF Q4 ORrR Q_

Definition 5.1 The ordered pair o = (Ag, A1) of subsets of Q (resp. Q_) is
called a cut of Q4 (resp. Q) if the following conditions are satisfied.

(i) Ao # 0 and A # 0.

(if) AgU Ay is Q1 (resp. Q_) or Q4 \ {r} (resp. Q_ \ {r}) where r is a positive
(resp. negative) rational number.

(iii) If ap € Ag and a1 € Ay, then ag < a; holds. Moreover, if AgUA; = Q4 \{r}
(resp. Q_ +\{r}), then ay < r < a; holds.

(iv) Ag does not have a maximum number. A; does not have a minimum number.

Lemma 5.2 (a) Assume that a = (Ag, A1) is a cut of Q. Put Ay =]—o00,0]UA
and A} = A;. Then, (Ay, A1) is a cut of Q.
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(b) Assume that o = (Ag, A1) is a cut of Q_. Put Ay = Ag and A; = A; U
[0, +00[. Then, (Ag, Ay) is a cut of Q.

Proof. (a) (i) Since A9 C Ay and A; = A;, therefore Ay # () and A; # 0.

(ii) Since AgU A} = Q4 or Q4 \ {r}, therefore AgUA; =] —00,0]UAgUA; =Q
or Q\ {r}. B

(iii) Since any element in Ay \ Ag is smaller than any element of Ay, therefore
we have the conclusion.

(iv) If Ap has a maximum number, then it must be an element of Ag. This
means that Ay has a maximum number. This is a contradiction. Since 4; = A;,
therefore it does not have a minimum number.

(b) can be proved similarly. o O
Definition 5.3 In the situation in Lemma 5.2, we call (Ag, A1) the extention of
o = (Ao, A1).

Lemma 5.4 Assume that a = (4p, A1) is a cut of Q.

(a) If a > ¢(0), then put A = Ag\] — 00,0] and A} = A;. (4], A}) is a cut of
Q.

(b) If a < ¢(0), then put A = Ap and A} = A; \ [0, 400 (4], A}) is a cut of
Q-.
Proof. (a) (i) Since A contains a positive rational number, therefore Aj, is not
empty. A is not empty because A} = Ay # (.

(ii) Since AgUA; = Q or Q\ {r} and r > 0, therefore AjU A} = (Ap\] — o0, 0])U
Al = (AO U Al)\] — O0,0] = Q or Q \ {’I"}

(iii) For ¢ = 0, 1, assume that a, € A]. Since an element of A} is an element of
A; and o = (Ap, A1) is a cut of Q, we have ag < aj or ap < r < a;.

(iv) Since any element of | — 00, 0] is smaller than any element of Aj, therefore
if there exists a maximum number of Aj), then it must be a maximum number of
Ap. This contradicts to the fact that « is a cut of Q. Therefore Af does not have a
maximum number. Since A; = A;, therefore it does not have a minimum number.

(b) can be proved similarly. O

Definition 5.5 In the situation in Lemma 5.4, we call (A, A]) the restriction
of a to Q4 or Q_.

Lemma 5.6 (A) Let a = (Ag, A1) and 8 = (By, By) be cuts of Q. Let (A, A;)
and (By, B1) be their extentions. Then, (a) and (b) hold.

(a) Ao+ By = (Ao + Bo) N Q4.

(b) (Ao + By, A1 + B1) is a cut of Q.

(B) Let o = (Ag, A1) and 8 = (By, B1) be cuts of Q_. Let (Ag, A1) and (By, B1)
be their extentions. Then, (a) and (b) hold.

(a) A1 +B1= (A1 +B1)NnQ_.

(b) (AO + Bo,Al + Bl) is a cut of Q_.

Proof. (A)(a) Since any element of Ay or By is positive, therefore we have
Ay + By C (/10 +Bo) NQ..

Let ¢ be an element of (Ag + By) N Q4. Note that ¢ > 0 holds. There exist
rational numbers a and b such that a € Ay and b € By satisfying ¢ = a + b. If
a € Ap and b € By, then ¢ € Ag + By holds. If a ¢ Ay and b ¢ By, then we have
¢ =a+b < 0. This contradicts to the fact that ¢ > 0. Assume that a € Ay and
b ¢ By. Since b < 0, therefore a + b < a holds. Hence a + b is an element of A
by Remark 1.4 (ii-a). Since a 4+ b > 0, therefore a 4+ b is an element of Ay. Let ¥’
be an element of By. Put b = min(¥, (a + b)/2). Since 0 < b” < V' and b’ € By,
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therefore b is an element of By by Remark 1.4 (ii-a). Put «” = a+ b —b". Since
—V" > —(a+b)/2, therefore a” > (a +b)/2 > 0. Since a” < a+b and a + b € Ay,
therefore a” is an element of Ay by Remark 1.4 (ii-a). Hence we know that a” € Ay.
Since ¢ = a” + b”, therefore ¢ € Ay + By. The case that a ¢ Ag and b € By can be
treated in the same way.

We have proved Ag + By D (Ao + By) N Q4.

Hence we have Ay + By = (Ag + By) N Q4.

(b) (i) For i = 0, 1, since A; # 0 and B; # 0, therefore A; + B; # () holds.

(i) In (a), we have proved that Ay + By = (A¢ + Bo) N Q.. Since A; + By =
A1 +B; C Qy, therefore we have (Ag+Bg)U(A1+B1) = ((Ag+Bo)U(A1+B1))NQ. .
This means that (Ag + Bo) U (A1 + B1) = Q4 or Q4 \ {r}, where r is the only
rational number in Q4 \ ((4g + Bo) U (A1 + By)).

(iii) For i = 0, 1, assume that ¢; € A; + B,. Since ¢; € A; + B;. therefore ¢y < ¢
or ¢y < r < ¢ holds.

(iv) By (a), if Ag+ By has a maximum number, then it is a maximum number of
Ag+ By. This contradiction shows that Ay + By does not have a maximum number.
Since A; + B; = Ay + B, therefore it does not have a minimum number.

(B) can be proved similarly. O

Definition 5.7 In the situation of Lemma 5.6, define o+ = (Ao + By, A1+ B1).

By Lemma 5.6, we have the following.

Propositon 5.8 Let a = (A4, A1) and 8 = (By, By) be cuts of Q4 (resp. Q_).
Put ¥ =o+ 6 = (Ao + Al,Bo + Bl). Let (Ao,/il), (BQ,Bl) and (6’0,01) be the
extentions of o, 3 and v respectively. Then, (A + By, Ay + By) = (Cp, C1) holds.

Remark. We can say that the extension and the restriction are compatible with
the addition.

6. PRODUCT OF TWO CUTS OF Q; OoRrR Q_

Definition 6.1 Let o = (Ag, A1) be a cut of Q4 (resp. Q_). Then, Ay is called
the inner (resp. outer) class of o and A; is called the outer (resp. inner) class of
Q.

Sometimes we use the notation A;,, (resp. Aout) to represent the inner (resp.
outer) class of a = (Ap, A1).

Remark. The class “nearer to 0”7 is called inner.

Let S and T be subsets of Q. We define that ST = {st|s € S,¢t € T'}.

Proposition 6.2 Let o = (Ap, A1), 8 = (Bo, B1) be cuts of Q4 or Q_.

(a) If both v and (8 are cuts of Q4, then (AgBy, A1B1) is a cut of Q.

(b) If both « and § are cuts of Q_, then (A; B, AgBy) is a cut of Q.

(¢) If «w is a cut of Q4 and (3 is a cut of Q_, then (A1 By, AgB1) is a cut of Q_.

(d) If is a cut of Q_ and (3 is a cut of Q4, then (AgB1, A1Bp) is a cut of Q_.

Remark. We call (AoBo,AlBl) in (a), (AlBhAoBQ) in (b), (AlBo,AoBl) in
(¢) and (AgB1,A1By) in (d) the products of o and S.

The inner (resp. outer) class of the product is the product of the inner (resp.
outer) classes.

Proof. (a) If a € AgU Ay and b € By U By, then a > 0 and b > 0. Hence ab > 0
holds.

Assume that x € AgBp and a rational number y satisfies 0 < y < z. There
exist rational numbers a and b such that a € Ay and b € By with x = ab. Put
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b = b(y/x). Since 0 < & < b and b € By, we have b’ € By by Remark 1.4 (ii-a).
Since y = ab’, therefore we have y € AgBy.

Assume that x € A;B; and a rational number y satisfies x < y. There exist
rational numbers a and b such that a € Ag and b € By with z = ab. Put v/ = b(y/x).
Since b < b’ and b € By, we have b’ € By by Remark 1.4 (ii-b). Since y = ab/,
therefore we have y € A1 B;.

(i) Since Ag, A1, By and Bj are non-empty sets, therefore we have AgBy # ()
and AlBl 7& @

(ii) Assume that there exist two distinct positive rational numbers x and 2’ such
that x, ©’ ¢ AgBo U A1By. Let 2” be any rational number satisfying x < 2" < 2.
The argument before the proof of (i) shows that z”/ € AgBg implies © € AyBy.
This contradiction shows that ©” ¢ AgBy. Similarly, we have 2" ¢ A;B;. Hence
we have z”/ ¢ A()BO U AlBl.

Put | = 22'/(z + 2'). It is a rational number. Since 0 < z + 2’ < 22/, therefore
we have [ > 1. Since (z + /)2 > 4xa’, therefore we have 2 < 42/ /dza’ = 2/ Jx.
Put k = 2[/(1 +1). It is a rational number. Since 2/ > 1 + [, therefore we have
k > 1. Since (1 + 1)? > 21, therefore we have k? < 4i?/4] = I. Hence we have
L<k?<?<a/x.

Consider the set of positive rational numbers S = {--- k=3, k=2 k=1 kO k' k2 k3, ...

There exists an integer m such that {--- k™73 km=2 k™~ 1} C Ay and that
{km+t gm+2 pm+3 .1 C Ay. Similarly, there exists an integer n such that
{-o JEn3 k2 k1Y € By and that {k"T1 g2 gnt3 ...} C By, Then, we
have { .. ’k;m+n—47 km+n—3’ km+n—2} C AOBO and {km+n+2’ km+n+3’ k/,m+n+47 .. }
A, B;. Note that at most three element of S, namelly, k™+n—1, gmtn gm+n+tl are
not contained in AgBy U A B;. Since k* < z’/x, this is a contradiction. We have
proved that AgByUA1B; = Q4 or Q4 \ {r}, where r is a positive rational number.

(iii) If a; € A; and b; € B; for ¢ = 0, 1, then we have ap < a; and by < by.
Therefore we have agby < a1b;.

Assume that AgByUA1 By = Q4 \{r}. Assumt that ¢y € AgBp and ¢y > r. Then
we have r € AgBy by the argument before the proof of (i). This is a contradiction.
Therefore we have cg < r. Assume that ¢; € A1 By and » > ¢;. Then we have
r € Ay By by the argument before the proof of (i). This is a contradiction. Therefore
we have r < ¢;.

(iv) Let ¢o be an element of AgBg. There exist rational element ag € Ay and
bg € Bg such that c¢g = agby holds. Since Ag and By do not have maximum
numbers, there exist rational numbers a( € Ay and b € By such that ay < aj and
by < bp. Since agby < agby, therefore ¢ is not a maximum number or AygBy. Hence
Ap By does not have a maximum number. Similarly, we can show that A;B; does
not have a minimum number.

The other cases (b), (¢) and (d) can be proved similarly. O

7. MULTIPLICATION OF CUTS OF QQ

Definition 7.1 Let «, 8 be two cuts of Q. If one of them is equal to ¢(0), then
define aff = +(0). Otherwise, choose two cuts of Q4 or Q_ whose extensions are
equal to « and [ respectively and define a3 to be the extension of the product of
them.

Lemma 7.2 Let o and 3 be two cuts of Q. Then af = Sa holds.

}.
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Proof. If a = ¢(0) or 5 = ¢(0), then the both sides are equal to ¢(0). Otherwise,
let o, B’ be cuts of Q or Q_ whose extensions are equal to o and (3 respectively.
Let A~ (resp. Al,) be the inner (resp. outer) class of o and let Bj  (resp.

mnn out nn

B! ;) be the inner (resp. outer) class of 3'. Since Al . B, = Blh.nAin, and
Al Bl = Bl AL, we have the conclusion. O

Lemma 7.3 Let «, 8 and v be three cuts of Q. Then («8)y = a(87) holds.

Proof. If one of them is equal to ¢(0), then the both sides are equal to ¢(0).
Otherwise, let o/, 8" and 7/ be cuts of Q. or Q_ whose extensions are equal to «, 3
and ~y respectively. Let Al  (resp. Al ;) be the inner (resp. outer) class of @ and

mnn out
let B}, (resp. B.,,) be the inner (resp. outer) class of 5 and let C},,, (resp. C?,;)

be the inner (resp. outer) class of 7. Since (AL, Binn)Coun = Abpn(Bin,Clo ) and
(AL Bl )Ch = AL (BL..Cl..), we have the conclusion. O

Lemma 7.4 The multiplication defined above commutes with the inclusion map
t, t.e. for any rational number r, s, we have ¢(rs) = ¢(r)c(s).

Proof. If r = 0 or s = 0, then the both sides are equal to ¢(0). Assume that
r# 0and s #0. If r > 0 and s > 0, then (]0,r[,]r, +oo[) and (]0, s[,]s, +o0[)
are cuts of Q4 whose extensions are equal to ¢(r) and ¢(s) respectively. Since
Q4 \ (J0,7[]0, s[U]r, +00[]s, +00[) contains rs and we know that ¢(r)e(s) is a cut of
Q4, therefore it must be equal to (]0, s, ]rs, +00[). Its extension is equal to ¢(rs).
Hence we have the conclusion. Other cases can be treated similarly. (I

Lemma 7.5 For any cut «, we have ac(1) = ¢(1)a = .

Proof. We shall prove that av(1) = a.

If a = ¢(0), then the both sides are equal to ¢(0).

Assume that o > ¢(0). Let (Ag, A1) be the cut of Q4 whose extension is equal
to a. Note that (Ip, I1) = (]0,1[,]1, +o0]) is the cut of Q1 whose extension is equal
to ¢(1). Let ag be an element of Ay and iy be an element of Iy. Since 0 < agip < ag
and ap is an element of Ay, therefore we have agip € Ag by Remark 1.4 (ii-a). Hence
we have Agly C Ag. Let a; be an element of A; and 4; be an element of I;. Since
a1 < a1, and a; is an element of Ay, therefore we have ai; € A1 by Remark 1.4
(ii-b). Hence we have A;I; C A;. Apply Lemma 1.6 to the extension of aw(1) and
a. Then we have at(1) = a. The case @ < ¢(0) can be proved similarly.

Lemma 7.2 shows that ¢(1)a = au(1) = a. O

Let S be a set of rational numbers with 0 ¢ S. Put S~ = {s7!|s € S}.

Lemma 7.6 Let a = (A, A;) be a cut of Q4 (resp. Q_). Then, (A", Ay") is
a cut of Q; (resp. Q_) and (Ao, A1)(A7Y, Agt) = «(1) holds.

Proof. (i) Since Ag # () and A; # (), therefore AT' # () and Ay # 0.

(i) If Ag U A; = Q4 (resp. Q_), then A7' U A;' = Q4 (resp. Q_). If
AgU A = Qyp \ {r} (resp. Q_\ {r}) then A;' U A" = Q. \ {r '} (resp.
Q- \ {1}

(iii) If ap € A7' and a; € Ay", then ay' € Ay and a; ' € Ay. Therefore we have
a;t < agt, hence ag < a; holds. If AgU A; = Q4 \ {r} or Q_\ {r}, then we have
a;t <r~' <agt, because ag < r < a;.

(iv) Let a be an element of A;'. Then, a~! is an element of A;. A; does not
have a minimum number, there exists a rational number ¢’ € A; with @’ < a™ 1.
Since o/ ' € A7! and a < /"', This means that A7 does not have a maximum
number. Similarly, we can show that Ay ! does not have a minimum number. O]

Definition 7.7 In the situation of Lemma 7.6, (A; ', Ay") € Q4 (resp. Q_) is
called the inverse of o € Q4 (resp. Q_).
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Let a be a cut of Q which is not equal to ¢(0). Define a~! to be the extention
of the inverse of the restriction of «. It is a cut of Q and is called the inverse of a.

Proposition 7.8 (X \ {0}, X) is an abelian group. Its unit element if +(1). The
inverse of « is a~!. (The symbol “x” means the mulplication.)

Lemma 7.9 Let «, § be two cuts of Q with @ > ¢(0) and 8 > ¢(0). Then,
—af = a(—0) holds.

Proof. Let (Ag, Byg) and (By, B1) be the restriction of « and [ respectively.
They are the cuts of Q4. Since af is the extension (AgBy, A1 B1), therefore —af
is the extention of (—(A41By), —(AoBo)). Since the restriction of —3 is (— By, —By),
therefore a(— ) is the extension of (A1 (—B1), Ao(—By)). Since (—(A1B1), —(ApBy))
is equal to (A1 (—B1), Ag(—Bo)), therefore we have the conclusion. O

Lemma 7.9 Let «, 8 be two cuts of Q. Then, —af8 = a(—0) holds.

Proof. If a = ¢(0) or 8 = ¢(0), then the both sides are equal to ¢(0).

Assume that o > ¢(0) and 8 > ¢(0). Let (Ao, A1) and (Bo, B1) be the re-
striction of a and 3 respectively. They are cuts of Q. Since af is the ex-
tension (AgBo, A1B1), therefore —af is the extention of (—(A41B1), —(A0Bo)).
Since the restriction of —f is (—Bjy, —By), therefore a(—0) is the extension of
(Al(fBl)7 AQ(*B())) Since (7(A1B1), 7(A0B0)) is equal to (Al(fBl), Ao(fBo)),
therefore we have the conclusion.

Assume that a > ¢(0) and 8 < ¢(0). Since —f8 > 0, therefore we have —a(—0) =
a(—(—p)) by the case above. Hence we have —af = a(—03).

Assume that o < ¢(0) and 8 < ¢(0). Let (Ap, A1) and (Bp, B1) be the re-
striction of o and 3 respectively. They are cuts of Q_. Since af is the ex-
tension (A1Bj, AgBg), therefore —af is the extention of (—(AgBy),—(A1B1)).
Since the restriction of —@ is (—Bj, —By), therefore a(—f) is the extension of
(A()(—B()),Al(—Bl)). Since (—(14030)7 _(AIBI)) is equal to (Ao(—B()), Al(_Bl))a
therefore we have the conclusion.

Assume that o < ¢(0) and 8 > ¢(0). Since —§ < 0, therefore we have —a(—03) =
a(—(—=0)) by the case above. Hence we have —af = a(—0). O

Lemma 7.10 Let a, 5 and ~ be three cuts of Q. Then a(8+7v) = af+ ay and
(a4 8)y = ary + B hold.

Proof. First, we prove a(8+7) = af + ay.

If a = ¢(0), then the both sides are equal to ¢(0).

If @« # ¢(0) and 8+ v = ¢(0), then the left hand side is equal to ¢(0). If
8 =~ =¢(0), then the right hand side is equal to ¢(0), too.

Assume that o > ¢(0) and 8 > ¢(0) and 8+ v = ¢(0). Since v = —0, therefore
we have —af3 = ay by Lemma 7.9. Hence, we have af + ay = ¢(0). Since
a(B 4+ ) = ¢(0), therefore we have a(8 + ) = af + a.

Assume that o > ¢(0) and 8+~ > ¢(0). If 8 > ¢(0) and v > ¢(0), then let
(Ao, A1), (Bo,B1) and (Cy,C1) be cuts of Q4 whose extensions are equal to «,
0 and ~ respectively. Then, we have Ag(Bg + Co) = AgBy + AoCo and A;(By +
Cy) = A1B; + A;C;. Since the extension of (Ag(Bg + Cp), A1(B1 + C1)) and
(AgBy + AoCo, A1 By + A1C1) are equal to a8 + ) and af + ay respectively,
therefore we have a(3 +7) = aff + a.

Assume that o > ¢(0), 5 > ¢(0), v < ¢(0) and S+ > ¢(0). Since 8—(—~) > 0 and
—v > 0, therefore we have a(6—(—7))+a(—v) = a((B—(—7))+(—7)) = af by the
case above. Then, we have a(3+ ) + a(—7v) = af. Since a > ¢(0) and —y > ¢(0),
therefore —a(—v) = ay by Lemma 7.9. Hence we have a(8 + v) = aff + ar.
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The other cases can be treated similarly. O
Proposition 7.11 (X, +, X) is a commutative field. If we identify r € Q with
u(r) € X, (Q,+, x) is a subfield of (X, +, x).

8. MISCELLANEOUS PROPERTIES OF X

Lemma 8.1 Let «, 8 and «y be three cuts of Q. If « < 3, then a+~v < B+~
holds.

Proof. Put a = (Ag, A1), 8 = (Bo,B1), v = (Cp,Cy). Since a < 3, therefore
A() C Bo holds. Since o + Y= (AO + Co,Ao + Co) and ﬂ +v= (BO + C(),Bl + Cl)
and Ag + Cy C By + Cp, therefore we have the conclusion. O

Lemma 8.2 Let «, 8 and 7 be three cuts of Q. If & < 5 and v > ¢(0), then we
have ay < B7.

Proof. We have 8 — a > ¢(0) by Lemma 8.1. Since v > +(0), therefore we
have (8 — a)y > ¢(0), by the definition of the product. By Lemma 7.10, we have
B+ (—a)y > (0). Hence we have —(—a)y < 87 by Lemma 8.1. Since —(—a)y =
avy by Lemma 7.9, therefore we have ay < 7. (]

We have proved the following.

Proposition 8.3 (X, +, x) is a ordered field.

Proposition 8.4 The field (X, +, x) is Archimedean, i.e. for any two cuts «
and § with a > ¢(0) and 8 > ¢(0), there exists a natural number n such that
t(n)a > .

Proof. Put a = (Ao, 41) and 8 = (By, B1) and let (Aj, A}) and (B, By) be
their restrictions respectively. Choose a rational number a in Af, and a rational
number b in Bj. Since a and b are positive rational numbers, therefore there exists
a natural number n such that na > b. Put na = (Cp, Cy). Then, na is an element
of Cy and b is not an element of By. Since na > b, therefore b is an element of Cy
by Remark 1.4 (ii-a). Since b ¢ By and b € Cj, therefore we have By C Cp and
B < t(n)a by Proposition 2.2 (4). O

9. COMPLETENESS OF REAL NUMBERS

A member of X is called a real number. X is usually denoted by R. For a
rational number r, we identify it with (7).

Definition 9.1 The ordered pair E = (X, X7) of subsets of R is called a cut of
R if the following conditions are satified.

(1) XO 7é w and X1 7& (Z)

(ii) Xo UX; =R or R\ {z}, where z is a real number.

(iii) If zg € Xo and 21 € X7, then 29 < 1 holds. Moreover, if XqgUX; = R\{z},
then zg < x < x; holds.

(iv) X does not have a maximum number. X; does not have a minimum number.

Proposition 9.2 If = = (X, X;) is a cut of R, then, Xy U X; =R\ {2} holds.

Proof. Put
Bo= |J 4o
(Ap,A1)eX)
and
Bi= |J 4
(Ap,A1)eX1
respectively.

We shall prove that (By, By) is a cut of Q.
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(i) Since Xy is not empty, therefore there exists a cut (Ag, A1) € Xp. Since
Ag # 0, therefore By is not empty. Similarly, B; is not empty.

(ii) Assume that 7o is a rational number with ¢(rg) € Xy. Since Xy does not
have the maximum element, therefore there exists a cut of Q, (Ao, 41) € Xy such
that ¢(rg) < (Ag, A1). Since rg € Ay, therefore rg € By.

Assume that 7 is a rational number with ¢(r1) € X3, Since X; does not have
the minimum element, therefore there exists a cut of Q, (4g, A1) € X1 such that
t(r1) > (Ao, A1). Since r € Ay, therefore r1 € By.

Since (Xo, X1) is a cut of R, therefore XoUX; = R or R\ {z}. If o(r) ¢ XoUXj,
then «(r) = x holds. Although we don’t know whether r € B; or not for i = 0, 1,
we have proved that BoU By =Q or Q\ {r}.

(iii) If ro is a rational number with ro € By, then there exists a cut of Q,
(Ag, A1) € Xo such that rq € Ag. Then, ¢(r9) < (Ao, A1) holds. Therefore, we have
t(ro) € Xo by Remark 1.4 (ii-a), which is valid for a cut of R, too.

If r; is a rational number with r; € By, then there exists a cut of Q, (Ag, 41) €
X1 such that 1 € Ay. Then, ¢(r1) > (Ao, A1) holds. Therefore, we have v(r1) € X3
by Remark 1.4 (ii-b), which is valid for a cut of R, too.

If r is a rational number with r ¢ By U By, then for any (Ao, A1) € Xy we have
u(r) > (Ao, A1) and for any (Ag, A1) € X1 we have «(r) < (Ao, A1). Therefore
u(r) ¢ XoU Xj.

Since (Xp, X1) is a cut of R, therefore 1o < r1 or ro < r < 11 holds.

(iv) Assume that by € Bg. Note that by is contained in some Ag such that
(Ag, A1) € Xy. Since Xy does not have the maximum number, therefore there
exists (Af, A}) € Xo with (Af, A}) > (Ao, A1). Let b be an element of Af\ Ag. We
have by < b by Remark 1.4 (ii-a”), which is valid for a cut of R, too. Since b € Ay,
therefore b € By. Hence by cannot be a maximum number of By.

Assume that by € B;. Note that by is contained in some Ay such that (Ag, A1) €
X1. Since X does not have the minimum number, therefore there exists (Af, A}) €
X; with (Ap, A]) < (Ao, A1). Let b be an element of A} \ A;. We have b < by by
Remark 1.4 (ii-b”), which is valid for a cut of R, too. Since b € A}, threfore b € By.
Hence b; cannot be a minimum number of Bj.

We have proved that (Bg, By) is a cut of Q.

If (By, B1) € Xp, then it is a maximum element of X, because for any element
(AO,Al) € Xo, we have Ay C By.

If (Bo, B1) € X1, then it is a minimum element of X5, because for any element
(Ao,Al) € X1, we have Ay C By.

Hence we have (By, B1) ¢ Xo U X;. We have proved that Xo U X; = R\ {z},
where z is equal to (By, B1).

O
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