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1
=x!!O@
Introduction

$O$8$a$K 1.1

?M4V$N@83h$O!$B@8E$+$i?)NA$H0\=;6u4V$rF@$k$?$a$KHq$d$5$l$F$-$^$7$?!%$=$7$F!$

?M!9$O<+A3:R32$+$i?H$r<i$k$?$a!$@N$+$iCN7C$rF/$+$;$F$-$?$N$G$9!%$=$NB?$/$O!$Bf

Iw!$9??e$H$$$C$?6u5$$d?e$NN.$l$G$"$j!$$3$l$i$N:R32$K$h$kHo32$r>/$J$/$7$?$j!$$"$k

$$$O0{NA?e$r8zN($h$/=8$a$?$j$9$k$?$a$K5$BN$d1UBN$NN.$l$N8&5f$,I,MW$H$J$C$F$$$C$?

$N$G$9!%N.$l$N8&5f$OB?$/$N8&5f<T$K$h$C$F9T$o$l!$%Y%k%L!<%$$K$h$C$FN.BNNO3X$HL?L>

$5$l$^$7$?!%$3$N8e!$N.BNNO3X$OM}O@$H<B83$NN>LL$+$i8&5f$,B3$1$i$l!$51$+$7$$@.2L$r

>e$2$F$$$-$^$9!%$7$+$7$J$,$i!$%U%i%s%9$NEZLZ5;=Q<T%k%$!&%^%j!<!&%"%s%j!&%J%S%($H

%$%.%j%9$N?t3X<T%8%g!<%8!&%,%V%j%(%k!&%9%H!<%/%9$K$h$C$FF3$+$l$?G4@-N.BN$N1?F0$r

I=$9J}Dx<0$O8&5f<T$KB?$/$NG:$_$rM?$(!$$=$l$O8=:_$^$GB3$$$F$$$k$N$G$9!%

N.BNNO3X$N8&5f$O:G6a$^$GM}O@$H<B83$NN>LL$+$i9T$o$l$F$-$^$7$?!%<B83E*8&5f$+$i$O

B?$/$N$9$P$i$7$$@.2L$,F@$i$l$F$$$^$9$,!$M}O@E*$JJ}K!$O<BMQ$KLr$KN)$D%l%Y%k$K$O



2 Bh1 >O =x!!O@

C#$7$F$$$^$;$s!%$3$NBg$-$JM}M3$O!$%J%S%(!&%9%H!<%/%9J}Dx<0$NHs@~7A@-$K$h$k$b$N$G

$9!%$3$N$?$a%J%S%(!&%9%H!<%/%9J}Dx<0$rM}O@E*$K2r@O$9$k$3$H$O@dK>E*$G$"$j!$B>$NJ}

K!$r8+$$$@$9$7$+$J$+$C$?$N$G$9!%$=$NJ}K!$H$7$FCmL\$5$l$?$b$N$,$3$NJ}Dx<0$r?tCME*

$K2r$/?tCM2r@O$G$9!%

N.BNNO3X$N4pACJ}Dx<0$r%3%s%T%e!<%?$K$h$j?tCME*$K2r$/!$$$$o$f$k?tCMN.BNNO3X$N35

G0$O%$%.%j%9$N5$>]3X<T%j%A%c!<%I%=%s$K$h$C$F$O$8$a$FDs>'$5$l!$%"%a%j%+$N%m%9!&%"

%i%b%98&5f=j$N%N%$%^%s$K$h$j6qBN2=$5$l$^$7$?!%Ev;~$O!$%3%s%T%e!<%?$N@-G=$J$I$N@)

8B$K$h$j$=$N1~MQ$OHs>o$K8B$i$l$?J,Ln$@$1$G$7$?$,!$1960G/Be$NCf:"$K$O%U%m%`$i$K

$h$C$FJ*BN8eN.$K@8$8$k%+%k%^%s12Ns$,7W;;5!$K$h$C$F:F8=$5$l$?$N$G$9!%$=$N8e!$1980

G/Be$h$j7W;;5!$OHtLvE*$J?JJb$r?k$2!$4JC1$J$b$N$K8B$i$l$^$9$,!$8=<BE*$JN.$l$,2r@O

$5$l$k$h$&$K$J$C$F$-$^$7$?!%

K\=q$O!$6aG/1W!9H/E8$7$F$-$F$$$k?tCMN.BNNO3X$r3X$V$?$a$NF~Lg=q$G$9!%K\=q$,BP>]

$H$7$F$$$kJ}$OBg3XF~;n$N:]$K8x<0$r4]3P$($7$F$=$N0UL#$r9M$($?$3$H$b$J$$J}!$$^$?0l

HLE*$JBg3X@8!$$9$J$o$ABg3X$G$[$H$s$I3X$s$G$$$J$$!$$"$k$$$OBg3X$KF~$C$F$+$($C$FF,

$,0-$/$J$C$?J}!$4k6H$KF~$C$F$o$:$+$7$+7P$C$F$$$J$$$N$KBg3X$G=,$C$?$3$H$r2?$b3P$(

$F$$$J$$J}$G$9!%$7$?$,$C$F!$M>NO$N$"$kFI<T$O$5$i$K%9%F%C%W%"%C%W$5$l$k$3$H$r4uK>

$7$^$9!%

N.BNNO3X$NNr;K 1.2

A0@a$G$O>/$77x$$OC$K$J$C$?$N$G!$$3$3$G$ON.$l$N8&5f$NNr;K$r$6$C$H@bL@$9$k$3$H$K

$7$^$9!%A0@a$G$b=R$Y$^$7$?$,!$5*85A0$N%(%8%W%H$d%m!<%^$G$O!$E75$M=Js$H0{NA?e$N3N

J]$,:G$b=EMW$J2]Bj$G$7$?!%$7$+$7!$E75$M=Js$rD>@\9T$&$3$H$O$G$-$J$+$C$?$N$G!$Be$o

$j$KNq$,H/L@$5$l$?$N$G$7$?!%%(%8%W%H$N?M!9$K$H$C$F$O!$9??e$rM=B,$9$k$3$H$,@83h$N

>e$G@8;`$r7h$9$k$/$i$$Bg@Z$J;v9`$G$7$?$,!$1+$b9_$i$J$$$N$K9??e$,5/$3$C$F$$$?$N

$G!$Nq$NH/L@$O!$D94|$NE75$M=Js$,$J$5$l$?$b$N$HF1$8$3$H$@$C$?$N$G$9!%

E75$M=Js$,BeI=E*$JNc$G$9$,!$N.$l$r8&5f$9$k$3$H$O?M4V$,@8$-$F$$$/>e$GIT2D7g$G$7

$?!%$7$+$7!$$5$i$K:Y$+$/$$$&$HN.$l$,$I$l$@$1$NNO$rJ*BN$KM?$($k$+$H$$$&$3$H$,=EMW

$G$"$C$?$N$G$9!%$?$H$($P!$8EBe$G$OM"Aw<jCJ$OHAA%$rMQ$$$F$$$^$7$?$,!$6/$$Iw$,?a$/

$H%^%9%H$,@^$l$F$7$^$&$H$$$&LdBj$J$I$OHs>o$K=EMW$G$"$C$?$N$G$9!J$3$l$ON.BNNO3X$H

:`NANO3X$NLdBj$G$9!K!%$^$?!$1s$/$N?e8;$+$i0{NA?e$r@*$$$h$/F3$$$F$/$k$3$H$b=EMW$G



1.2 N.BNNO3X$NNr;K 3

$7$?!%$D$^$j!$N.$l$NLdBj$N:G$b=EMW$J%]%$%s%H$H$J$C$F$$$?$N$O!$N.BNDq93$NBg$-$5$,

$I$l$/$i$$$G$"$k$+!$$H$$$&$3$H$G$"$C$?$N$G$9!%$3$NN.BNDq93$NM}O@E*$J8&5f$r:G=i$K

9T$C$?$N$,%"%j%9%H%F%l%9!JB.C. 384 » 322!K$G$"$C$?$H$$$o$l$F$$$^$9!%H`$NM}O@$O?d

?JNO$NM}O@$H8F$P$l$k$b$N$G!$J*BN$,1?F0$9$k$?$a$K$O@d$($:?J9TJ}8~$KNO$,F/$$$F$$$k

$H$$$&$b$N$G$9!%>\$7$/$$$&$H!$@P$rEj$2$?$H$-<j$rN%$l$?@P$,Ht$SB3$1$k$?$a$K$O!$@P

$N<~$j$N6u5$$,>o$K@P$r2!$7B3$1$F$$$J$1$l$P$J$i$J$$!$$H$$$&$b$N$G$9!J47@-$NK!B'$r

CN$i$J$+$C$??M$K$H$C$F$OEvA3$N$3$H$H$$$($^$9!K!%:#$+$i9M$($l$P!$$P$+$P$+$7$$M}O@

$G$9$,!$$3$NLdBj$N2r7h$O%K%e!<%H%s!J1642» 1727!K$,EP>l$9$k$^$GBT$?$J$1$l$P$J$i

$J$+$C$?$N$G$9!%%"%j%9%H%F%l%9$O$^$?!$J*BN$NMn2<$K$D$$$F!$=E$$$b$N$O7Z$$$b$N$h$j

B.$/Mn2<$9$k!$$H$$$&9M$($b<($7!$$3$l$b2r7h$K$O%,%j%l%*$^$GBT$?$M$P$J$j$^$;$s$G$7

$?!J2?8N$3$l$,$*$+$7$$$N$+9M$($F$_$^$7$g$&!K!%

%.%j%7%c;~Be$K$O!$>e5-$NNc$N$h$&$KJ*$N@.$jN)$A$d<+A38=>]$N;EAH$_$r9M$($k$3$H$,

@9$s$K9T$o$l$F$$$^$7$?!%$3$N$h$&$J$3$H$O!VE/3X!W$H8F$P$l$^$7$?!%$3$N9M$($O:#$G$b

2$=#$G$O6/$/;D$C$F$*$j!$2$=#$N8E$$Bg3X$G$OF|K\$N$h$&$KM}7O$dJ87O$GJ,$1$k$N$G$O$J

$/!$E/3XIt$NCf$KJ83X$dM}3X$N3X2J$,$"$j!$8=:_$G$bGn;N9f$OA4$F$N3XLd$G!VE/3XGn;N!W

$K$J$C$F$$$^$9!J@N$OO@J8$N8@8l$^$G%.%j%7%c;~Be$rLOJo$7%i%F%s8l$G=q$+$l$F$$$^$7

$?!K!%$3$N;~Be$K$OM-L>$J3X<T$,7f=P$7$^$7$?$,!$$=$NCf$NM-L>$JOC$N0l$D$,!$%"%k%-%a

%G%9$N2&4'$N4f:n4UDj$G$7$g$&!%$h$/CN$i$l$?OC$G$9$,!$Ev;~$N2&MM$N2&4'$,!$6b$@$1$G

$O$J$/6b$H6d$r:.$<$F0B>e$,$j$K$7$?$N$G$O$J$$$+$H$$$&5?OG$,;}$A>e$,$j!$%"%k%-%a%G

%9$K$=$NH=CG$r$9$k$h$&$K;XNa$,2<$C$?$N$G$7$?!%$3$NFqLd$KBP$7!$%"%k%-%a%G%9$OJ*<A

$NL)EY$,3'0[$J$C$F$$$k$3$H$K5$$,$D$$$?$N$G$9!%$9$J$o$A!$F1$8=E$5$@$16b$H6d$rMQ0U

$9$k$H!$$=$NBN@Q$,0[$J$k$3$H$K5$$,$D$$$?$N$G$9!%$3$NBN@Q$N:9$rHf$Y$k$N$K!$MF4o$+

$i$"$U$l=P$??e$rMxMQ$7$?$N$G$7$?!%$3$N86M}$G!$2&4'$HF1$8=E$5$N6b$rMQ0U$7!$$=$NBN

@Q$,2&4'$H0[$J$C$F$$$?$3$H$+$i2&4'$,=c6b$G$O$J$$$3$H$r8+GK$C$?$N$G$7$?!%$3$N$3$H

$+$i!$IbNO$N86M}$r%"%k%-%a%G%9$N86M}$H8F$V$N$G$9!%

;~Be$O?J$_!$%k%M%C%5%s%9$N;~Be$K2J3X$O0NBg$JE7:M$r7^$($^$7$?!%%,%j%l%*!&%,%j%l

%$$G$9!%%,%j%l%*$OB?$/$N6H@S$r;D$7$F$$$^$9$,!$3'$5$s$,3P$($F$$$k$b$N$O$*$=$i$/E7

F0@b$HCOF0@b$NOC$G!$!V$=$l$G$bCO5e$OF0$$$F$$$k!W$N8@MU$G$7$g$&!%%,%j%l%*$N6H@S$N

Cf$GN.BNNO3X$K7g$+$;$J$$$b$N$,!$Bg5$05$NH/8+$G$9!%;DG0$J$,$i!$$3$N>ZL@$O%,%j%l%*

$NDo;R$N%H%j%A%'%j$,9T$$$^$7$?$,!$Bg5$05$NB8:_$N<(:6$O5?$$$J$/%,%j%l%*<+?H$N9M$(

$K$h$k$b$N$G$9!%%,%j%l%*$NKWG/$KCB@8$7$?$N$,0NBg$JE7:M!$%K%e!<%H%s$G$7$?!%

%K%e!<%H%s$ON.BNDq93$,!$B.EY$KL54X78$J0lDjCM!$B.EY$KHfNc$9$k$b$N!$B.EY$N<+>h$KHf

Nc$9$k$b$N!$$N;0<oN`$KJ,$1$i$l!$$3$N$&$AB.EY$N<+>h$KHfNc$9$k$b$N$,=EMW$G$"$j!$$3$l



4 Bh1 >O =x!!O@

$ON.BN$NL)EY$K$bHfNc$9$k$H$$$&M}O@$r=P$7$?$N$G$9!J%K%e!<%H%s$N0N$5$r:FEY3NG'$7$^

$7$g$&!K!%$3$l$O:#F|!$%K%e!<%H%s$NDq93K!B'$H$7$FCN$i$l$F$$$^$9!%%K%e!<%H%s$K0z$-

B3$$$F!$N.$l$N8&5f$r9T$C$?$N$,%Y%k%L!<%$?F;R$G$9!J$*Ic$5$s$O%h%O%s!J1667» 1748!K!$

;R6!$O%@%K%(%k!J1700» 1782!K$H$$$$$^$9!K!%$H$/$K%@%K%(%k$O$_$J$5$s$,$h$/CN$C$F$$

$k ? %Y%k%L!<%$$NDjM}$NAO;O<T$G$"$k$P$+$j$G$J$/!$N.BNNO3X!JHydrodynamics!K$NL>

$rM?$($?$3$H$GCN$i$l$F$$$^$9!%N.BNDq93$OH`$i$K$h$C$F!$0l$D$N?JJb$rF@$^$7$?$,!$$3

$l$r$5$i$K9bEY$JM}O@$GN"IU$1$h$&$H$7$?$N$,%@%i%s%Y!<%k!J1717» 1783!K$G$9!%$7$+

$7$J$,$i%@%i%s%Y!<%k$NM}O@$,F3$-=P$7$?$b$N$O!$N.BN$OJ*BN$KDq93$r5Z$\$5$J$$!$$H$$

$&Hs8=<BE*$J$b$N$@$C$?$N$G$9!%$3$l$O%@%i%s%Y!<%k$N%Q%i%I%C%/%9$H8F$P$l$k$b$N$G!$

$=$N8e%*%$%i!<$d%i%0%i%s%8%e!$$=$NB>B?$/$N8&5f<T$K$h$C$F<h$jAH$^$l$^$7$?$,!$2r7h

$9$k$3$H$,$G$-$J$+$C$?$N$G$9y1!%$3$NLdBj$N40A4$J2r7h$O%W%i%s%H%k!J1875 » 1953!K

$NEP>l$^$GBT$?$J$1$l$P$J$i$J$+$C$?$N$G$9!%$3$N%W%i%s%H%k$NM}O@$K$h$C$FN.BNDq93$N

LdBj$,2r7h$r8+$?$N$O:#@$5*=iF,$G$"$j!$$^$@$=$l$+$i0l@$5*$b$?$C$F$$$J$$$3$H$r9M$(

$k$HN.BNNO3X$O40@.$5$l$?$b$N$H$O$$$($^$;$s!%$H$$$&$N$b!$;DG0$J$,$i%W%i%s%H%k$NM}

O@$r$b$C$F$7$F$bG$0U$NJ*BN$NDq93$r7W;;$9$k$3$H$O$G$-$J$$$+$i$J$N$G$9!%$=$N$?$a:#

F|$G$b!$Ht9T5!$d%8%'%C%H%(%s%8%sEy!$B?$/$N9)6H$GMQ$$$i$l$F$$$k5!3#$N@_7W$O!$<B83

$K$h$C$F;n9T:x8m$7$J$,$i:n$i$l$F$$$k$N$G$9!J$"$N%9%Z!<%9%7%c%H%k$G$5$($[$H$s$I<B

83$@$1$K$h$C$F@_7W$5$l$?$N$G$9!K!%$=$7$F$3$NLdBj$r2r7h$G$-$=$&$J$b$N$,?tCMN.BNNO

3X$J$N$G$9!%$7$?$,$C$F!$?tCMN.BNNO3X$O$$$^$N$H$3$mL58B$N2DG=@-$rHk$a$F$$$k$H$$$C

$F$b2a8@$G$O$"$j$^$;$s!%$3$l$+$i$N;~Be$r@8$-$k$_$J$5$s$O!$$<$R%^%9%?!<$9$k$3$H$r

$*4+$a$9$k$H$H$b$K!$8E$-$rK,$M$k$3$H$bK:$l$J$$$h$&$K$H$$$&$3$H$b$$$C$F$*$-$^$9!%

$J$<$J$i!$N.$l$r?tCM2r@O$7$?7k2L$rH=CG$9$k$N$O?M4V$G$"$j!$N.$l$N7k2L$,@5$7$$$+$I

$&$+$rH=CG$9$k$K$O@53N$JN.$l$NCN<1$,I,MW$@$+$i$G$9!%$5$i$K!$%3%s%T%e!<%?$O?M4V$N

L?Na$GF0$/$b$N$G$"$j!$4V0c$C$?L?Na$r=P$9$H$=$l$r5?$o$:$K<B9T$7$F$7$^$&5!3#$@$H$$

$&$3$H$r$h$/M}2r$7$F2<$5$$!%$=$7$F0lF|$bAa$/!$$_$J$5$s$,J*BN8eJ}$K$G$-$k$"$NM-L>

$J%+%k%^%s$N12Ns$r7W;;$G$-$k$3$H$r4j$C$F$d$_$^$;$s!%

?tCMN.BNNO3X$rK\3JE*$K%^%9%?!<$9$k$K$O!$?t3X!$N.BNNO3X!$%W%m%0%i%_%s%0$NK\<AE*

$JCN<1$,I,MW$H$J$j$^$9!%K\%7%j!<%:$O!$?tCMN.BNNO3X$r8zN($h$/=$F@$9$k$?$a$K!$=i

5i!$Cf5i!$>e5i$N 3 %3!<%9$KJ,$+$l$F$$$^$9!%3F%3!<%9$K$O$=$l$>$lFC?'$,$"$j$^$9!%K\

=q$O=i5iJT$G$"$j!$$3$NMxMQJ}K!$O?M$=$l$>$l$G$9$,!$;~4V$NL5BL$rHr$1$k$?$a$KI8=`E*

y1 M#0l!$%-%k%R%[%C%U$N;`?eM}O@$@$1$,@.2L$r>e$2$?$H$$$($k$N$G$9$,!$$3$l$b40A4$J$b$N$G$O$"$j$^$;$s

$G$7$?!%
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$JJY6/$NJ}K!$r=R$Y$F$*$-$^$9!%Bg3XF~;n%;%s%?!<;n83$N?t3X!$J*M}$r:#$G$b$9$i$9$i2r

$1$kJ}$OK\=q$rFI$^$:$K;THN$N?tCMN.BNNO3X$NK\$rFI$^$l$?J}$,Aa$/=$F@$G$-$^$9!%2r$1

$J$$J}$OK\=q$rFI$_D>$9J}$,NI$$$G$7$g$&!%$?$@$7!$2>J,?t!$BSJ,?t$N7W;;$,$G$-$J$$J}

$d!$Fs<!J}Dx<0$N2r$N8x<0$,8@$($J$$J}$OCf1{=PHG$NCf3X?t3X$rI|=,$7$?8e!$K\=q$rFI$s

$G2<$5$$!%$=$7$F!$K\3JE*$K=$F@$7$?$$J}$K$O@'Hs!$<+J,@lMQ$N%3%s%T%e!<%?$r;}$?$l$k

$3$H$rA&$a$^$9!%

J*BN$NMn2<$K$D$$$F!$%,%j%l%*$N;W9M<B83$r>R2p$7$F$*$-$^$9!%%,%j%l%*$O!$%"%j%9%H

%F%l%9$NMn2<$NK!B'$,@5$7$$$H$7$F!$F,$NCf$GM}O@E*$J<B83$r9T$C$F$_$^$7$?!%$$$^!$=E

$$$b$N$H7Z$$$b$N$rI3$G7k$s$GMn2<$5$;$k$3$H$r9M$($^$9!%=E$$$b$N$O7Z$$$b$N$h$jB.$/

Mn2<$7$h$&$H$9$k$O$:$G$9$+$i!$I3$O%T%s$HD%$C$?>uBV$K$J$k$H;W$o$l$^$9!%7Z$$$b$N$O

=E$$$b$N$h$jCY$/Mn2<$9$k$o$1$G$9$+$i!$=E$$$b$N$NMn2<$K4X$7$F$ODq93$K$J$j!$$=$N7k

2L!$=E$$$b$N$@$1$rMn$H$9$H$-$h$j$f$C$/$j$HMn$A$k$H9M$($i$l$^$9!%$H$3$m$,!$$3$NI3

$rML;^$N$h$&$J:Y$/$F7Z$$K@$G7R$$$G$$$?$H9M$($k$H!$N><T$O0lBN$H$J$C$FMn$A$k$H9M$(

$i$l$^$9!JK@$O>fIW$G@^$l$J$$$H$7$^$9!K!%$=$&$9$k$H!$0l$D$N;~$h$j=E$5$,=E$$$o$1$G

$9$+$i!$B.$/Mn$A$J$1$l$P$J$i$J$/$J$j$^$9!%$3$l$OL7=b$7$?7k2L$H$J$j$^$9!%$3$N$3$H

$+$i%,%j%l%*$O!$%"%j%9%H%F%l%9$N9M$($,$*$+$7$$$HH=CG$7$?$N$G$7$?!%

Bg3XF~;n$r=*$($F?tG/$,7P$A!$<u83JY6/$G9T$C$?$3$H$OBg3X$N3Z1`@83h$G$9$C$+$jK:$l

5n$i$l$F$$$k$3$H$G$7$g$&!%$^$?!$K\=q$rFI$^$l$F$$$kJ}$O!$9b9;;~Be$N?t3X$dJ*M}!$Bg

3X$G$N9V5A$rM}2r$5$l$F$$$J$$J}$,B?$$$H;W$$$^$9!J==J,M}2r$7$F$$$l$P:G9b3XI\$K9T$+

$l$F$$$k$3$H$G$7$g$&$7!$$I$3$NBg3X$G$5$($b9g3J<T$NF@E@N($O6 3dDxEY$G$9!K!%$9$J$o

$A!$$[$H$s$I$NBg3X@8$N3'$5$s$O$3$l$^$G=,$C$F$-$??t3X$dJ*M}$r40A4$KM}2r$7$F$$$k$o

$1$G$O$J$/!$$"$^$jM}2r$G$-$F$$$J$$$N$,8=<B$G$O$J$$$N$G$7$g$&$+!%

$3$N$h$&$J8=<B$rJ,@O$7$F$_$k$H!$M}2r$G$-$F$$$J$$?M$NJY6/$NJ}K!$K$"$kFCD9$,8+$i

$l$^$9!%$=$NBg$-$J$b$N$,@53N$KFI$s$G$$$J$$$H8@$&$3$H$G$9!%652J=q$OF|K\8l$G=q$$$F

$"$j$^$9$+$i!$8l6g$N0UL#$,J,$+$C$F$$$J$/$F$bFI$`$3$H$O$G$-$^$9$N$G!$!VFI$a$?!W$H

$$$&$3$H$H!VM}2r$7$?!W$H$$$&$3$H$,:.F1$5$l$F$$$k$h$&$G$9!%$b$7!$1Q8l$NK\$rFI$`>l

9g$O!$J,$+$i$J$$C18l$,=P$F$/$l$P<-=q$r0z$$$FD4$Y$k$O$:$G$9!%$H$3$m$,!$F|K\8l$N65

2J=q$K$J$k$HLLE]$J$N$+!$J,$+$i$J$$8l6g$,=P$F$-$F$bD4$Y$h$&$H$7$J$$?M$,B?$/!$7k6I

$=$l$,$?$^$C$F$-$F!$;n83A0$KCf?H$O$h$/J,$+$i$J$$$^$^4]0E5-$H$$$&6q9g$K$J$C$F$$$-

$^$9!%$3$l$+$iJY6/$9$k$K$"$?$j!$LLE]$,$i$:J,$+$i$J$$8@MU$K$O$7$k$7$rIU$1$F<+J,$,

$I$3$^$GM}2r$7$F$$$k$N$+$rGD0.$9$k$3$H$+$i;O$a$F2<$5$$!%$=$7$F!$J,$+$i$J$$$3$H$,

$"$C$F$b!$$9$0$K?M$KJ9$$$?$j;29M=q$r3+$/$N$G$O$J$/!$10 J,4V$@$19M$($F$_$F2<$5$$!%

$=$l$G$bJ,$+$i$J$$$H$-$OD4$Y$F$_$F!$<+J,$N9M$($N$I$3$,4V0c$C$F$$$?$+$d9M$($,B-$j
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$J$+$C$?$3$H$rAGD>$K5-O?$9$k$h$&$K$7$F2<$5$$!%

F %3!<%R!<%V%l%$%/

¶ %"%$%6%C%/!&%K%e!<%H%s(Isaac Newton, 1643 » 1727) ³

!!%j%s%4$,LZ$+$iMn$A$k$N$r8+$F!"K|M-0zNO$NK!B'$r8+$D$1!$$=$N8e$NJ*M}3X$KBg$-

$/9W8%$7$?$"$N%K%e!<%H%s$G$9!%;DG0$J$3$H$K$3$N%(%T%=!<%I$O$I$&$d$i;v<B$G$O

$J$+$C$?$h$&$G$9$,!$H`$NL>A0$O2J3X$N;j$k=h$G8+$k$3$H$,=PMh$^$9!%

!!!V;d$O!$<+J,$,@$4V$N4c$K$I$&1G$C$F$k$+$OCN$i$J$$!%$1$l$I$b<+J,<+?H$H$7$F

$O!$3$JU$KM7$s$G$$$F!$;~@^IaDL$h$j$b3j$i$+$J@P$dH~$7$$3-$r8+$D$1$F3Z$7$s$G$$

$k;R6!$K2a$.$J$$$N$G$O$J$$$+$H;W$o$l$k!%$7$+$b??M}$NBgMN$O$^$k$GL$CN$N$^$^

$K;d$N4cA0$K2#$?$o$C$F$$$k!%!W$3$l$,!$$=$N@836$N=*$o$j$KEv$?$C$F!$%"%$%6%C%/!&

%K%e!<%H%s$,2<$7$?<+J,<+?H$X$NI>2A$G$7$?!%$7$+$7!$H`$N6H@S$rI>2A$9$k8e7Q<T$?

$A$O!$$[$H$s$INc30$J$/!$%K%e!<%H%s$O?MN`:G9b$NCN<T!]!V$=$NE7:M$K$*$$$F?MN`$r

D61[$7$?$b$N!W!]$H8@$C$F$$$^$9!%%K%e!<%H%s$O!$%,%j%l%$!JGalileo Galilei!K$,KW

$7$?G/$N%/%j%9%^%9$NF|$K%$%.%j%9$N%&!<%k%9%=!<%W$NG@2H$K@8$^$l!$5!3#$$$8$j$N

9%$-$JL\N)$?$J$$>/G/$G$7$?!%JlJ}$N=GIc$N4+$a$G%1%s%V%j%C%8Bg3X!$%H%j%K%F%#!]

%+%l%C%8$KDL$$$^$7$?!%1665G/!$H`$, 22 :P$N$H$-!$%m%s%I%s$N%Z%9%HBgN.9T$G0l;~

5"6?$7!$$=$N1 G/H>$N4V$K%K%e!<%H%s$N<gMW$JH/8+$N$&$A$N4 $D!$(1) 2 9`DjM}!$(2)

Hy@QJ,K!!$(3) =ENO$NK!B'!$(4) ?'$N@-<A!J8w$NJ,@O!K$,H/8+$5$l$F$$$^$9!%$=$N8e

%1%s%V%j%C%8$K5"$j65<x$K="G$!$8w3X8&5f!J!V8w$H?'$N?7M}O@!W!$%K%e!<%H%s%j%s%0$N

H/8+!$H?<MK>1s6@$N@=:n$J$I!K!$?t3X8&5f!JHy@QJ,K!$NH/8+$J$I!K!$NO3X!&E7J83X8&5f
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!J!V%W%j%s%-%T%"!W$rCx$7!$NO3X$N86M}!&K|M-0zNO$NK!B'$J$I$rBN7O2=$7$^$7$?!%86J8

$OA0$K=q$$$?$h$&$K%i%F%s8l$G=q$+$l$F$$$^$9!K$NJ,Ln$G5pBg$J6H@S$r@Q$_=E$M$F$$

$-$^$7$?!%HUG/$OO#6b=Q$d?@3X$N8&5f$b9T$$!$9q2q5D0w$d2&N)6(2q$N2qD9$J$I$b$D$H

$a$F$$$^$9!%$^$?!$H`$O:J$r$a$H$i$:!$@836FH?H$rDL$7$?$=$&$G$9!%

!!%K%e!<%H%s$K4X$7$F$O$*8G$$%$%a!<%8$,$7$^$9$,!$%K%e!<%H%s$,K4$/$J$k:G8e$N

2!$ 3 G/$N$[$H$s$I@d$(4V$J$$6lDK$KBP$9$kM&5$$HG&BQ$K$O!$?M4V$N2&<T$H$7$F$NH`

$K$b$&0l$D$N?M4VE*1IM@$r2C$($k$b$N$G$"$j$^$7$?!%H`$O$R$k$^$:$K7k@P$N6lDK$K

BQ$(!$L}4@$,BN$+$i6L$N$h$&$KN.$l=P$F$$$k$N$K!$$$$D$b4G8n$N?M!9$KF1>p$N8@MU$r

K:$l$J$+$C$?$=$&$J$N$G$9!%:G8e$K$R$C$-$j$J$7$N31$N$?$a$K$R$I$/?j<e$7!$1727

G/ 3 7n 20F|$ND+1 ;~$+$i 3 ;~$N4V!$L2$C$?$^$^K4$/$J$j$^$7$?!%5}G/85 :P$G$7$?!%
µ ´

¶ %@%K%(%k!&%Y%k%L!<%$(Daniel Bernoulli, 1700 » 1782) ³

!!%Y%k%L!<%$!JBernoulli !K$H$$$&L>A0$O!$?t3X!&N.BNNO3X$J$I$GEY!9EP>l$7$^$9$,!$

$3$l$i$NA4$F$,F1$8?M$rI=$7$F$$$k$o$1$G$O$"$j$^$;$s!%$7$+$7H`$i$OF1$80lB2$N

?M!9$G$9!%Nr;K>e:G$bB?$/$N2J3X<T$rGZ=P$7$?2H7O$H$7$FM-L>$G0dEA3X$N8&5fBP>]

$H$J$C$F$$$k$/$i$$$G$9!%$3$N0lB2$N?M!9$O!$Am$8$F?t3X$K$*$$$FM%$l$?:MG=$r;}$A

9g$o$;$F$$$^$9$,!$N.BNNO3X$GM-L>$J%@%K%(%k$NIc?F%h%O%s!JJean, 1667» 1748!K

$H!$=GIc$K$*$?$k%d%3%V!JJacques, 1654» 1705!K$O8_$$$K6%$$9g$$!$;~$K$O7v2^$b

$7$D$D8&5f$rB3$1!$?t3X$K$D$$$F$N?t!9$N8y@S$r;D$7$F$*$j$^$9!J%Y%k%L!<%$$NITEy

<0Ey¢ ¢ ¢!K!%

!!$5$F!$%@%K%(%k$O;O$a0e3X$r;V$70e<T$K$J$j$^$7$?$,1?L?$K$O5U$i$($:!$$^$k$G

$"$?$+$b0{$s$@$/$l$,!$%"%k%3!<%k$KLa$C$F$$$/$h$&$K?t3X<T$K$J$C$F$$$-$^$7$?!%

%@%K%(%k$H$"$N0NBg$J%*%$%i!<$O?FM'$G$"$j!$Cg$NNI$$6%AhAj<j$G$"$C$?$=$&$G$9!%
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$^$?!$%@%K%(%k$NIc%h%O%s$O$A$g$C$H$R$I$$?M$G!$%@%K%(%k$N\Hydrodynamica" $H

$$$&K\$NFbMF$r<+J,$N\Hydraulica" $H$$$&K\$KEpMQ$7$F$$$?$N$G$9!%%@%K%(%k$O?F

M'$N%*%$%i!<$K$H$F$b$d$j$-$l$J$$;W$$$r<j;f$K$7$FEA$($F$$$^$9!%

!!%@%K%(%k!&%Y%k%L!<%$$N8&5f$OHy@QJ,3X!$HyJ,J}Dx<0O@!$3NN(O@!$?6F089$NM}O@!$

5$BN1?F0O@!$N.BNNO3X$H$$$C$?B?$/$N1~MQ?t3X$NLdBj$K$D$$$F9T$o$l!$N.BNNO3X$K4X

$7$F$$$($P!$$"$NM-L>$J!$\ %Y%k%L!<%$$NK!B'" $rH/I=$7$F$$$^$9!%$3$N$h$&$JB?:M

$J D. %Y%k%L!<%$$N$3$H$r>N$7$F:#F|!$?tM}J*M}3X$NAO;O<T$H8F$s$G$$$k;v$b!$$&$J

$:$1$k$H;W$$$^$9!%

µ ´
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2
4pACCN<1

Basic knowledge

HyJ,$NI|=, 2.1

N.$l$N?tCM7W;;K!$K$O8=:_!$!JM-8B!K:9J,K!!JFinite Di®erence Method!$FDM !K!$M-8B

BN@QK!!JFinite Volume Method !$FVM !K!$M-8BMWAGK!!JFinite Element Method !$FEM !K!$

6-3&MWAGK!!JBoundary Element Method!$BEM !K$J$I$,$"$j$^$9$,!$$3$NCf$G:G$bNI$/

;HMQ$5$l$k$N$,:9J,K!$G$9!%$3$l$O:9J,K!$NNr;K$,D9$$$+$i$G$9!%:9J,K!$OHyJ,1i;;;R$r

D>@\N%;62=$9$k$?$aM}2r$7$d$9$/ !$%W%m%0%i%`$,:n$j$d$9$$$H$$$C$?MxE@$r;}$C$F$$$^

$9$,!$$^$H$b$JEz$($r=P$9$K$O>/$7$P$+$jM}O@$r3X$VI,MW$,$"$j$^$9!%$H$$$C$F$b!$Fq$7

$$$3$H$G$O$"$j$^$;$s!*9b9;$N?t3X$h$j>/$79b5i$J$3$H$r$9$l$PNI$$$N$G$9!%$3$3$G$O!$

1s$$@N$K=,$C$?$b$N$d!$BeJV$7$FJ9$$$F$$$J$+$C$??t3X$K$D$$$F>/$7I|=,$r$7$F$*$-$^

$9!J$3$l$+$iJY6/$9$k$K$"$?$C$F?t3X$NK\!$@~7ABe?t$NK\$rMQ0U$7$F$*$$$?$[$&$,$$$$$G

$7$g$&!%Fq$7$$$b$N$O$$$j$^$;$s!%$G$-$k$@$14JC1$J$b$N$rMQ0U$7$F$*$/J}$,$$$$$G$7$g

$&!K!%?t3X!$J*M}$K<+?.$,$"$k?M$O$3$N>O$rHt$P$7$F$b$+$^$$$^$;$s!%$J$*!$K\3JE*$KJY
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6/$9$k$K$O!$$<$R@lLg$NK\$rGc$&$h$&$K$7$F2<$5$$!%

$5$F!$$$$^$"$k6h4Va » b $r9M$($^$9!J?t3X20$5$s$O[a; b] $H=q$-$^$9!K!%$3$N$H$-

a · x · b (2.1)

$rK~B-$9$kx $,$"$j!$$3$NHO0OFb$r<+M3$KF0$1$k$H$-!$x $r$3$N6h4V$K$*$1$kJQ?t$H$$$$

$^$9!%$^$?!$$3$Nx $N3F!9$N?tCM$KBP$7!$$"$kBP1~$r$9$k?ty $,$"$k$H$-!$ y $r4X?t$H$$

$$$^$9!%$=$7$F$3$N4X78$r$D$.$N$h$&$K=q$-$^$9!%

y = f (x) (2.2)

y $NCM$Ox $NCM$K$h$C$FJQ2=$9$k$N$G!$x $rFHN)JQ?t!$y $r=>B0JQ?t$H8F$S$^$9!J$=$N@N

=,$C$?5-21$,$"$k$H;W$$$^$9!K!%$$$x̂ $, a $K6a$E$/$H$-f (x) $, f (a) $K6a$E$/$J$i$P

f (x) $, a $K$*$$$FO"B3$G$"$k$H$$$$$^$9!%6h4Va » b $N$"$i$f$kE@$G$3$N4X78$,@.$jN)

$D$J$i$P!$$3$N6h4V$GO"B3$G$"$k$H$$$$$^$9!J9b9;$N$H$-$K:81&$+$i6K8B$r$H$C$FO"B3$H

$+ITO"B3$H$+$rJY6/$7$?5-21$,$"$k$H;W$$$^$9!%$J$$?M$O$3$NK\$rFI$`$K$OAa$9$.$^$9!K!%

!! LdBj 2.1 !! lim
x ! 0

sinx
x

= 1 $r>ZL@$;$h!%

µ
cosx <

sinx
x

< 1 $rMxMQ$;$h!%

¶

!! LdBj 2.2 !! lim
x ! 0

x ¡ sinx
x3 $r5a$a$h!%

$5$F!$FHN)JQ?t$O0l$D$K8B$i$J$$$N$G$?$H$($P

z = f (x; y) (2.3)

$H$$$&4X?t$b9M$($i$l$^$9!%$3$N>l9g!$FHN)JQ?t$,0l$D$G$O$J$$$N$GB?JQ?t4X?t$H8F$P$l

$^$9!%$$$^!$$3$N$h$&$JO"B3$J4X?tf (x) $KBP$7x $, a $+$i b$^$GJQ2=$9$k$H$-

f (b) ¡ f (a)
b¡ a

(2.4)

$rJ?6QJQ2=N($H$$$$$^$9!%>e<0$K$*$$$Fb = a + h $H$*$/$H

f (a + h) ¡ f (a)
h

(2.5)

b$, a $K8B$j$J$/6a$E$$$?$H$-$NCM$Oa E@$G$N@\@~$N79$-$H$J$j$^$9!%$3$l$rHyJ,78?t$H

$$$$<!$N<0$GDj5A$7$^$9!%

f 0(a) = lim
h! 0

f (a + h) ¡ f (a)
h

(2.6)
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a $Ox $N$"$k0LCV!JG$0U$N0LCV!K$G$"$k$+$i(2.6) <0$r0lHLE*$K$9$k$?$a$Ka $r x $KCV$-

49$($k$H

f 0(x) = lim
h! 0

f (x + h) ¡ f (x)
h

(2.7)

$$$^!$x $NA}$($?J,$r ¢ x!$$=$l$KBP$9$kA}2CJ,f (x + ¢ x) ¡ f (x) $r ¢ y $H$*$/$H

f 0(x) = lim
¢ x ! 0

¢ y
¢ x

(2.8)

$H$J$j$^$9!%>e<0$Nf 0(x) $r dy=dx $HI=$9$H!$$3$l$Ox $N4X?t$G$"$k$N$GF34X?t$H8F$S

$^$9!JHyJ,78?t$H$b8F$P$l$^$9!K!%$^$?!$$3$N>l9g$N$h$&$KFHN)JQ?t$,x $@$1!J0l$D$@$1!K

$N$H$->oHyJ,$H$$$$$^$9!%

$5$F!$HyJ,$H$O$$$C$?$$2?$rI=$7$F$$$k$N$G$7$g$&$+? 9b9;$N?t3X$G$OHyJ,$H$O$"$k

4X?t$N@\@~$N79$-$rI=$7$F$$$k$H=,$C$?$H;W$$$^$9!%$"$k4X?t$NHyJ,$H$O!$=V4V$NJQ2=N(

$H$$$&$3$H$G$9!%$3$N$3$H$r6qBNE*$K@bL@$7$F$_$^$9!%:#$"$k4X?t$H$$$&$N$r<+F0<V$NB.

EY$@$H$7$^$9!%<+F0<V$NB.EY$O?.9f$G;_$^$C$?$j2CB.$7$?$j$7$F$$$^$9$N$G;~4V$H0LCV$N

4X?t$G$"$k$H$$$($^$9!%

$$$^?@8M$+$i2,;3$^$G<+F0<V$r1?E>$7$?$H$7$^$9!%IT9,$K$bI1O)$G%M%:%_<h$j$KJa$^$C

$?$H$7$^$9!%$3$N$H$-7Y;!41$KBP$7$F!V;~B.$H$$$&$N$O1 ;~4V$K2?km Av$C$?$+$GI=$9$b

$N$@!%;d$O$3$N1 ;~4V$K70 km $7$+Av$C$F$$$J$$$+$i0cH?$O$7$F$$$J$$!%!W$H$$$&?M$O$$

$J$$$G$7$g$&!%$9$J$o$A!$8@$$Lu$7$?B.EY$OB.EY$NJ?6QJQ2=N($G$"$k$N$KBP$7!$0cH?$7$?

B.EY$O=V4V$NB.EY$@$+$i$G$9!%$3$l$OMF0W$KM}2r$G$-$k$3$H$@$H;W$$$^$9!%

$7$+$7$J$,$i!$$3$N=V4V$NB.EY$@$1$+$i$G$O<+F0<V$N>uBV$OH=CG$G$-$^$;$s!%$H$$$&$N

$O!$Ja$^$C$?$H$-$K!V$7$^$C$?! !W$H;W$&?M$H!VNI$+$C$?!<! !W$H;W$&?M$,$$$k$+$i$G

$9!%$9$J$o$A!$$b$&>/$7A0$@$C$?$i0cH?$8$c$J$+$C$?$N$K! $H;W$&?M$H$b$&>/$7A0$@$C$?

$iLHDd$@$C$?! $H$$$&?M$KJ,$+$l$k$+$i$G$9!%$9$J$o$A!$2CB.Cf$J$N$+8:B.Cf$J$N$+$O=V

4V$NB.EY$@$1$G$OJ,$+$i$J$$$+$i$G$9!%$7$?$,$C$F<+F0<V$N>uBV$rL@$i$+$K$9$k$K$O=V4V

$NB.EY$NJQ2=N($,I,MW$H$J$k$N$G$9!%=V4V$NB.EY$NJQ2=N(!$$9$J$o$AB.EY$NHyJ,$H$$$&$N

$O1?F0$N>uBV$r<($9=EMW$J%Q%i%a!<%?$J$N$G$9!%

1 ;~4V$K70 km $7$+?J$s$G$$$J$$$H$$$&I=8=$OC/$G$bJ,$+$k$H;W$$$^$9!%$=$7$F!$$3

$N5wN%$rAv9T$9$k4V$K$OI,$:70 km/h $H$$$&B.EY$r=P$7$F$$$k$O$:$@!$$H$$$&$3$H$bMF

0W$KM}2r$G$-$k$H;W$$$^$9!%$J$<$J$i$9$Y$F70 km/h L$K~$GAv$C$F$$$?$J$i9T$-@h$KE~

C#$7$J$$$7!$$=$l0J>e$@$7B3$1$F$$$l$PL\E*CO$rDL$j2a$.$F$7$^$$$^$9!%2CB.!$8:B.$r7+

$jJV$7$FL\E*CO$K9T$/$o$1$G$9$,!$$=$N4V$K$OI,$:70 km/h $,$"$k$H$$$&$3$H$OEvA3$G
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$7$g$&!JJ?6Q$,70 km/h $G$"$l$PNI$$$o$1$G$9$+$i!K!%$=$7$F$3$N$3$H$rJ?6QCM$NDjM}$H

$$$$$^$9!J4JC1$J$3$H$J$N$G$9!K!%

!! LdBj 2.3 !! f (x) = x2 $N$H$->e$G<($7$?F34X?t$NDj5A$K=>$C$F!$F34X?t$r5a$a$h!%

F %3!<%R!<%V%l%$%/

¶ ³

!!@N$Ox $N4X?t$H8@MU$G=q$$$F$$$^$7$?$,!$$3$l$rf (x) $H$$$&I=8=$K$7$?$N$,%i%0

%i%s%8%e$G$9!%$^$?F34X?t$H$$$&L>A0$rM?$($?$N$O%U%i%s%9$N%3!<%7!<$G$9!%$=$7

$F8=:_MQ$$$i$l$F$$$k;~4V$NHyJ,$K_x $H$$$&I=5-K!$rMQ$$$?$N$,!$%K%e!<%H%s$G$9!%

%K%e!<%H%s$,1?F0$NK!B'$r9M$($D$$$?:"!$F|K\$G$O4X%v86$N@o$$$r$d$C$F$$$?:"$G$9

$+$iF|K\$,2J3X$NLL$G309q$KNt$k$N$OEvA3$H$b8@$($^$9!%$7$+$7%K%e!<%H%s$O:a$b

;D$7$^$7$?!%$=$N:G$bBg$-$J$b$N$,!$@dBP;~4V$G$9!%%K%e!<%H%s$O;~4V$,6u4V$NCf$r

$I$3$G$b0lMM$K9o$s$G$$$k$H9M$($^$7$?!%$3$N35G0$K%K%e!<%H%s<+?H$OG<F@$7$F$O

$$$J$+$C$?$h$&$G$9$,!$20 @$5*$^$G$3$l$,$*$+$7$$$H9M$($k?M$O$*$i$:!$LUL\E*$K

?.$8$i$l$F$$$^$7$?!%

!!$3$N@dBP;~4V$J$k$b$N$,$*$+$7$$$H9M$($?$N$,%"%$%s%7%e%?%$%s$G$7$?!%;~B.40

km $GAv$C$F$$$k$b$N$rF1$8B.EY$GH<Av$9$l$P;_$^$C$F8+$($k$3$H$OMF0W$KA[A|$G$-

$^$9!%EE<V$d%^%i%=%sCf7Q$GL\$K$7$?J}$bB?$$$H;W$$$^$9!%F1$8$/!$;~B.40 km $G

Av$C$F$$$k$b$N$r;~B.20 km $GAv$C$F$$$k$b$N$+$i8+$l$P;~B.20 km $G?J$s$G8+$(

$k$3$H$bMF0W$KA[A|$G$-$k$H;W$$$^$9!%$3$l$r!$%,%j%l%$IaJW@-$H$$$$$^$9!%$3$l$,

A4$F$K$D$$$F@.$jN)$F$P@dBP;~4V$,@.N)$9$k$N$G$9$,!$%"%$%s%7%e%?%$%s$O17 :P$N

$H$-$K%,%j%l%$IaJW@-$,8w$KBP$7$F@.$jN)$?$J$$$3$H$K5$$,$D$$$?$N$G$9!%$3$l$+

$i!$FC<lAjBP@-M}O@$,@8$_=P$5$l$^$7$?!%%"%$%s%7%e%?%$%s$,23 :P$N$H$-$G$7$?!%

$3$NM}O@$O!$9b9;$NJ*M}DxEY$NCN<1$G==J,M}2r$9$k$3$H$,$G$-$^$9$N$G!$6=L#$"$k?M

$O@'Hs0lEYFI$^$l$k$3$H$rA&$a$^$9!%
µ ´
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!! LdBj 2.4 !! EE<V$,2,;31X$HI1O)1X$N4V85 km $r 30 J,$GAv$k!%=PH/;~$N2CB.EY$,

1 m/s2!$E~Ce;~$N2CB.EY$,¡ 1/3 m/s 2 $J$i$P=PH/;~$K$O2?IC4V2CB.$9$l

$P$h$$$+5a$a$h!%$?$@$7!$ESCf$GB.EY$NJQ2=$O$J$/!$;~B.200 km$r1[$(

$J$$$b$N$H$9$k!%

HyJ,$H:9J, 2.2

$5$F!$HyJ,78?t$NDj5A$+$i¢ x $,=<J,>.$5$1$l$P85$NHyJ,$K6a$$$H9M$($i$l$k$N$G<!<0

$,@.$jN)$D$H9M$($i$l$^$9!%

f (x + ¢ x) ¡ f (x) »= f 0(x)¢ x »= ¢ y (2.9)

>e<0$Nf 0(x)¢ x 6K8B$r<h$C$?$b$N$rdx $H=q$-!$$=$l$r y $NHyJ,$H$$$$$^$9!%$9$J$o$A!$

y = x2 $rHyJ,$9$k$H$Ody = 2xdx $N$3$H$G$"$j!$y0 = 2x $Oy $Nx $K4X$9$kF34X?t$G$"

$k$3$H$KCm0U$7$J$1$l$P$$$1$^$;$s!%

$$$^$^$G=R$Y$F$-$?$3$H$OO"B3$J4X?t$KBP$9$k$b$N$G$9!%?tCM7W;;$r9T$&>l9g!$7W;;5!

$NET9g$K$h$j6K8B$r$H$k$3$H$,$G$-$J$$$?$a!$F34X?t$r6a;w$7$F<h$j07$&$3$H$K$J$j$^$9

!J6K8B$r<h$k$3$H$OL58B$NE@$rI,MW$H$9$k$3$H$G$"$j!$$=$N$h$&$J$3$H$O%3%s%T%e!<%?@h

@8$r$b$C$F$7$F$bIT2DG=$J$N$G$9!K!%$9$J$o$A(2.7) <0$K$*$$$Fh $,==J,$K>.$5$$?t$G$"

$l$P<!$N$h$&$KI=$9$3$H$,=PMh$^$9!%

Fig. 2.1 Concept of approximation

dy
dx

»=
f (x + h) ¡ f (x)

h
(2.10)

$5$F!$F34X?t$N6a;w$O$3$l$@$1$G$7$g$&$+? $$

$^?^ 2.1 $NMM$K9M$($k$HF34X?t$O3 $D$NI=8=$r

$H$k$3$H$,$G$-$^$9!J9b9;$N652J=q$K$bF1MM$J

$3$H$,<($5$l$F$$$^$9!K!%$9$J$o$A!$$"$kE@$N

8{G[$r5a$a$k$N$K$=$NE@$HA0J}!$$=$NE@$H8eJ}!$

$=$NE@$NA08e$NJ?6Q$r$H$kJ}K!$,9M$($i$l$^$9

!JB>$K$b$$$m$$$m$JJ}K!$,$"$k$N$G$9$,$3$3$G

$O$3$l$@$1$K$7$F$*$-$^$9!K!%

¢ f
¢ x

=
f i +1 ¡ f i

¢ x
(2.11)
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¢ f
¢ x

=
f i +1 ¡ f i ¡ 1

2¢ x
(2.12)

¢ f
¢ x

=
f i ¡ f i ¡ 1

¢ x
(2.13)

>e<0$r$=$l$>$lA0?J:9J,!J forward di®erence!K!$Cf?4:9J,!J central di®erence!K!$8eB`:9J,

!J backward di®erence!K$H8F$S$^$9!%$3$l$i$O6a;w$G$"$k$N$G8m:9$r;}$C$F$$$^$9!%$3$N

8m:9$OBg$-$J1F6A$rM?$($k$N$G@53N$K8+@Q$b$C$F$*$/I,MW$,$"$j$^$9!%8m:9$NBg$-$5$r@5

$7$/8+@Q$b$k$?$a$K$O%F!<%i!<E83+$rMQ$$$k$N$,JXMx$G$9!%

$5$F!$65M\$N?t3X$N652J=q$r3+$$$F8+$^$9!%f i § 1!$ f i § 2 $r x i $N2s$j$K%F!<%i!<E83+$9

$k$H<!$N$h$&$K$J$j$^$9!%

f i § 1 = f i § ¢ xf 0
i +

1
2!

¢ x2f 00
i § ¢ ¢ ¢+

1
(n ¡ 1)!

¢ xn ¡ 1f (n ¡ 1)
i (2.14)

f i § 2 = f i § 2¢ xf 0
i +

1
2!

(2¢ x)2f 00
i § ¢ ¢ ¢+

1
(n ¡ 1)!

(2¢ x)n ¡ 1f (n ¡ 1)
i (2.15)

(2.14) <0$N:9$HOB$r$H$k$H!$$=$l$>$l<!$NCf?4:9J,$N<0$,F@$i$l$^$9!%

df
dx

»=
f i +1 ¡ f i ¡ 1

2¢ x
¡

1
6

¢ x2f 00
i + ¢ ¢ ¢ (2.16)

d2f
dx2

»=
f i +1 ¡ 2f i + f i ¡ 1

¢ x2 ¡
1
12

¢ x2f (4)
i + ¢ ¢ ¢ (2.17)

(2.16) <0!$(2.17) <0$OBG$A@Z$j8m:9$O6&$K¢ x $NFs<!$N%*!<%@!<$G$9!%(2.15) <0$rMQ$$$k

$3$H$K$h$j!$$5$i$K9b@:EY$N:9J,J}Dx<0$rF3$/$3$H$,$G$-$^$9!%$3$NBG$A@Z$j8m:9$NBg$-

$5$ON.$l2r@O$K=EBg$J1F6A$rM?$($k$N$G!$@53N$K8+@Q$C$F$*$/I,MW$,$"$j$^$9!%(2.15) <0

$bMQ$$$k$H<!<0$,F3$+$l$^$9!%

df
dx

»=
¡ f i +2 + 8 f i +1 ¡ 8f i ¡ 1 + f i ¡ 2

12¢ x
+

1
30

¢ x4f (5)
i + ¢ ¢ ¢ (2.18)

d2f
dx2

»=
¡ f i +2 + 16f i +1 ¡ 30f i + 16f i ¡ 1 ¡ f i ¡ 2

12¢ x2 +
1
90

¢ x4f (6)
i + ¢ ¢ ¢ (2.19)

d4f
dx4

»=
f i +2 ¡ 4f i +1 + 6 f i ¡ 4f i ¡ 1 + f i ¡ 2

¢ x4 ¡
1
6

¢ x2f (6)
i + ¢ ¢ ¢ (2.20)

>e<0$O$9$Y$Fi E@$K$D$$$FBP>N$H$J$C$F$$$k$?$aCf?4:9J,$H8F$P$l$^$9!%:9J,6a;w$O>e<0

$N1&JUBh0l9`$^$G$rMQ$$!$BhFs9`0J2<$r@Z$j<N$F$^$9!%$3$NBhFs9`0J2<$rBG$A@Z$j8m:9$H

8F$S$^$9!%EvA3$N$3$H$J$,$i!$BG$A@Z$j8m:9$,>.$5$$$[$I85$NHyJ,$K6a$$$?$a9b@:EY$K$J

$j$^$9!%
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B?JQ?t4X?t$N>l9g$bF1MM$K07$($^$9!%B?JQ?t4X?t$NHyJ,$OJPHyJ,!Jpartial di®erence!K

$H8F$P$l$k$?$aFq$7$$$H46$8$F$$$k?M$,B?$$$G$9$,!$$8$D$O9b9;$N?t3X$GF1$8$h$&$J$3$H

$r=,$C$F$$$k$N$G$9!JF0$/$b$N$,$?$/$5$s$"$k;~$O0l$D$@$1F0$+$9$H$$$&$d$D$G$9!K!%$?

$H$($Pz = x2 + y2 $r9M$($F$_$^$9!%CO?^$r8+$k$H$-$"$k0LCV$r@53N$KCN$i$;$k$K$O!$El

$K2?m!$KL$K2?m $H$$$&$U$&$K;X<($7$^$9!J$"$C$A$H$+$3$C$A$H$+8@$&I=8=$O[#Kf$J$N

$G$9!K!%$3$l$HF1MM$K!$$"$k4X?t$NJQ2=$r<($9>l9g$bx J}8~$K$I$l$@$1!$y J}8~$K$I$l$@

$1$H$$$&$U$&$K<($9$N$G$9!%$9$J$o$Az $NJQ2=$rdz $H$9$k$H

dz =!J x J}8~$NC10LD9$5$"$?$j$NJQ2=!K£!J x J}8~$ND9$5!K

+!J y J}8~$NC10LD9$5$"$?$j$NJQ2=!K£!J y J}8~$ND9$5!K
(2.21)

$5$F!$x J}8~$NC10LD9$5$"$?$j$NJQ2=$Ox J}8~$NJQ2=N($G$9$+$i!$y $,0lDj$N@~>e$G9M$(

$^$9!%$9$J$o$A

lim
¢ x ! 0

f (x + ¢ x; y) ¡ f (x; y)
¢ x

(y = const.) (2.22)

>e<0$OF34X?t$G$9$,B?JQ?t$J$N$G1 JQ?t$N>l9g$H6hJL$9$k$?$a$KJPF34X?t$H8F$S@f
@x $HI=

$7$^$9!%$7$?$,$C$Fz $r x $GJPHyJ,$9$l$P

@z
@x

= 2x (2.23)

$H$J$j$^$9!%$D$^$jJPHyJ,$H$$$C$F$b>oHyJ,$HF1$8$h$&$K9M$($l$PNI$$$N$G$9!%>oHyJ,$O

JQ?t$,0l$D$@$1!$$9$J$o$A0l<!85$NLdBj$@$1$J$N$KBP$7!$JPHyJ,$G$OB?JQ?t$K4p$E$$$F$$

$k$N$GJ?LL$d6u4V$r07$&$3$H$K$J$j$^$9!%>e$K=q$$$?dz!$$9$J$o$A;3$N9b$5$NJQ2=$O<0

$GI=$9$H0J2<$N$h$&$K$J$j$^$9!%

dz =
@z
@x

dx +
@z
@y

dy (2.24)

>e<0$rA4HyJ,$H8F$S$^$9!%Fq$7$=$&$KJ9$3$($^$9$,!$MW$O;3$N9b$5$NJQ2=N($@$H9M$($l$P

$h$$$N$G$9!%JPHyJ,$NDj5A$O

@f
@x

= lim
¢ x ! 0

f (x + ¢ x; y) ¡ f (x; y)
¢ x

(2.25)

$HI=$5$l$^$9!%$9$J$o$AJQ2=$9$kJ}8~$,Fs$D$"$j!JCO?^$K$*$1$kFnKL$HEl@>$NJ}8~$H9M$(

$F$b$h$$$G$7$g$&!K!$$=$N0l$D$@$1$NJQ2=NL$r07$&$N$G$9!%f $r x $GJPHyJ,$9$k$3$H$O!$y

J}8~$O8GDj$7$Fx J}8~$@$1$NJQ2=N($r5a$a$k$H$$$&$3$H$J$N$G$9!%
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!! LdBj 2.5 !! f = log x + xy3 $N$H$-f $r x $Hy $GJPHyJ,$;$h!%

!! LdBj 2.6 !! x = r cosµ $N$H$-x $r r $Hµ $GJPHyJ,$;$h!%

JPHyJ,$KBP$9$k:9J,6a;w$O$$$/$D$+$"$j$^$9!%$3$l$r@bL@$9$k$?$a$K!$?^2.2 $K<($9$h

$&$J3J;RE@$r9M$($^$9!%i $, x J}8~$rI=$7!$ j $, y J}8~$rI=$7$^$9!%4X?tf $O!$?^2.2 $N

3J;RE@$N>e$GJ,I[$r;}$C$F$$$^$9!%$7$?$,$C$F!$x $GJPHyJ,$9$k$H$Oj $,0lDj$N@~>e$Gi

J}8~$NJQ2=$r8+$k$3$H$G$"$j!$y $GJPHyJ,$9$k$H$Oi $,0lDj$N@~>e$Gj J}8~$NJQ2=$r8+$k

$3$H$J$N$G$9!%$D$^$jJPHyJ,$r:9J,6a;w$9$k>l9g$b$"$k@~>e$G>oHyJ,$HF1$8$h$&$K$9$l$P

NI$$$N$G$9!%$=$&$9$k$H0J2<$N:9J,8x<0$,F@$i$l$^$9!%

@f
@x

=
f i +1 ; j ¡ f i ¡ 1; j

2¢ x
(2.26)

@f
@y

=
f i; j +1 ¡ f i; j ¡ 1

2¢ y
(2.27)

@2f
@x2

=
f i +1 ; j ¡ 2f i; j + f i ¡ 1; j

¢ x2 (2.28)

@2f
@y2

=
f i; j +1 ¡ 2f i; j + f i; j ¡ 1

¢ y2 (2.29)

Fig. 2.2 Two dimensional grid points
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@2f
@x@y

=
@

@x

µ
@f
@y

¶
=

@
@x

µ
f i; j +1 ¡ f i; j ¡ 1

2¢ y

¶

=
f i +1 ; j +1 ¡ f i +1 ; j ¡ 1 ¡ f i ¡ 1; j +1 + f i ¡ 1; j ¡ 1

4¢ x¢ y

(2.30)

>e<0$NBG$A@Z$j8m:9$O>oHyJ,$N>l9g$HF1MM$G$9!%0J>e$N4X78$rMQ$$$F!$HyJ,J}Dx<0$r:9J,

J}Dx<0$K=q$-D>$7$F2r$/$3$H$K$h$j?tCM2r$rF@$k$3$H$,$G$-$^$9!%$9$J$o$A!$HyJ,J}Dx<0

$NHyJ,$NItJ,$r>e<01&JU$GI=$5$l$k:9J,6a;w$KCV$-49$($F2r$/$H$$$&$3$H$G$9y1!%

HyJ,J}Dx<0 2.3

A0@a$GHyJ,$NI|=,$H:9J,6a;w$,M}2r$G$-$?$H;W$$$^$9!%$5$F!$$D$.$K$3$l$i$r$I$&E,MQ

$9$k$+$,LdBj$H$J$j$^$9!%$=$NA0$K!$HyJ,J}Dx<0$K$D$$$FI|=,$9$k$3$H$K$7$^$9!%HyJ,J}

Dx<0$O<x6H$G=,$C$?$H;W$$$^$9$,!$HyJ,J}Dx<0$,2?$NLr$K$?$D$s$@$m$&$H;W$C$FJ9$$$F$$

$??M$bB?$$$H;W$$$^$9!%<B$O$=$NHyJ,J}Dx<0$,$3$l$+$i3hLv$9$k$N$G$9!%2f!9$N?H$N<~$j

$G@8$8$F$$$k?'!9$J8=>]$OHs>o$KJ#;($G$9!%@n$NN.$l$d6u5$$NN.$l!$$"$k$$$OCO?L$dDE

GH!$$=$N$[$+$K$b?'!9$J8=>]$,$"$j$^$9!%$3$N$h$&$J8=>]$O$=$l$>$lHyJ,J}Dx<0$GI=$9$3

$H$,$G$-$k$N$G$9!%$=$l$>$l$N8=>]$KBP$9$kHyJ,J}Dx<0$O$5$^$6$^$G$3$3$G$O@bL@$r9T$$

$^$;$s$,!$9)3X$G07$&HyJ,J}Dx<0$N$[$H$s$I$,%K%e!<%H%s$NBhFsK!B'$J$N$G$9!%$9$J$o

$A!$J*<A$dJ*BN$N1?F0$rI=$7$F$$$kHyJ,J}Dx<0$O!$9b9;$N;~$K=,$C$?%K%e!<%H%s$NBhFsK!

B'$J$N$G$9!J$3$3$GK:$l$F$$$?1?F0$N;0K!B'$r;W$$=P$=$&!*NO3X$H8F$P$l$k$b$N$O$9$Y$F

1?F0$NK!B'$G@.$jN)$C$F$$$k$N$G$9!%2?8NBh0lK!B'$,47@-$NK!B'$K$J$C$F$$$k$N$+$r$h$/

9M$($F$_$F2<$5$$!%%K%e!<%H%s$O$-$A$s$H0UL#$r;}$?$;$F=gHV$K$7$F$$$k$N$G$9!K!%$=$l

$,HyJ,$N7A$GFq$7$/8+$($F$$$k$@$1$J$N$G$9!%

<ANL£ 2CB.EY= NO: m
d2x
dt2 = ma

$NNO$H2CB.EY$,HyJ,$N7A$GI=$5$l$F$$$k$N$GJ,$+$j$K$/$/$J$C$F$$$k$@$1$J$N$G$9!%$"$H

$O<ANLJ]B8$NK!B'$H%(%M%k%.!<J]B8$NK!B'$,$"$j$^$9!%J*BN$dJ*<A$N1?F0$O1?F0$NK!B'$H

J]B8B'$N>e$K@.$jN)$C$F$$$k$N$G$9!%J]B8B'$H=q$/$H$^$?Fq$7$=$&$KJ9$3$($^$9$,!$F~$j

8}$+$iF~$C$?J*$OESCf$GF($2$J$$8B$jI,$:=P8}$+$i=P$F$$$/$H$$$&Ev$?$jA0$N$3$H$rI=$7

$F$$$k$@$1$J$N$G$9!%$7$?$,$C$F!$7h$7$FFq$7$$$b$N$G$O$J$$$N$G$9!J>\$7$/$O652J=q$r

y1 :9J,6a;w$OB>$K$b$?$/$5$s$"$j$^$9$,!$$3$3$G$O>JN,$7$^$9!%>\$7$/$O?tCM2r@O$N652J=q$r;2>H$N$3$H!%
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;2>H$N$3$H!K!%$3$3$G$O$=$NNc$H$7$F!$N.BNNO3X$G8=$l$k0l<!85$N%*%$%i!<J}Dx<0$K$D$$

$F@bL@$7$F$_$^$9!%652J=q$r8+$k$H%*%$%i!<J}Dx<0$O0J2<$N$h$&$KI=$5$l$F$$$^$9!%

@u
@t

+ u
@u
@x

= ¡
1
½

@p
@x

(2.31)

$3$l$r8+$?$@$1$G7y5$$,$5$9?M$b$$$k$+$H;W$$$^$9$,!$$=$l$O?)$o$:7y$$$J$@$1$G$9!%$h

$/9M$($F$_$k$H!$$3$l$,%K%e!<%H%s$NBhFsK!B'$H$J$C$F$$$k$N$,J,$+$k$G$7$g$&!%$^$:N>

JU$K½$r$+$1$^$9!%$=$&$9$k$Hma = F $N7A$K$J$j$^$9!%½$, m!$$9$J$o$A<ANL$G$9!%

$5$F!$$=$l$G$O2CB.EY$O$I$&$J$k$N$G$7$g$&$+!)!!2CB.EY$OB.EY$r;~4V$G3d$C$?$b$N$G

$9!%$7$?$,$C$F

a =
du
dt

(2.32)

$HI=$5$l$^$9!%$3$3$Gdu $r9M$($F$_$^$9!%N.B.$O;~4V$,JQ$o$l$PJQ$o$k$+$b$7$l$J$$

$7!$$^$?>l=j$,JQ$o$l$PJQ$o$k$+$b$7$l$^$;$s!%$3$N$3$H$rFq$7$$8@MU$G$$$&$H!$N.B.$O

;~4V$H>l=j$N4X?t$H$$$$u = u(t; x ) $HI=$5$l$^$9!%$7$?$,$C$FN.B.$NHy>.JQ2=$O

du =
@u
@t

dt +
@u
@x

dx (2.33)

$HI=$5$l$^$9!%u $H$$$&J,I[$r$7$?;3$N9b$5$,$"$j!$$"$kCOE@$+$iE,Ev$JJ}8~$N9b$5$NJQ

2=$rI=$9$K$O!$El@>!Jt !KJ}8~$HFnKL!Jx!KJ}8~$NJQ2=$rB-$7$?$b$N$K$J$k$O$:$G$9!%$9$J

$o$A!$El@>J}8~$KC10LD9$5$"$?$j1 m JQ2=$7$F$$$F5 m ?J$s$@$b$N$H!$FnKLJ}8~$KC10L

D9$5$"$?$j1.5 m JQ2=$7$F$$$F4 m ?J$s$@COE@$N;3$N9b$5$O!$85$NCOE@$h$j11 m 9b$/

$J$C$F$$$k$3$H$K$J$k$3$H$,J,$+$k$H;W$$$^$9!%$7$?$,$C$F!$>e<0$NN>JU$rHy>.;~4V$G3d

$k$H

@u
@t

=
@u
@t

dt
dt

+
@u
@x

dx
dt

=
@u
@t

+ u
@u
@x

(2.34)

>e<0$,2CB.EY$H$J$j$^$9!%$9$J$o$A!$2CB.EY$O;~4V$GJQ2=$9$kItJ,$H6u4VE*$KJQ2=$9$kIt

J,$NOB$GI=$5$l$F$$$k$3$H$,J,$+$j$^$9!%$3$l$+$i!$%*%$%i!<J}Dx<0$N:8JU$,2CB.EY$H

$J$C$F$$$k$3$H$,J,$+$j$^$9!%1&JU$O05NO$NJQ2=$r<ANL$G3d$C$?7A$K$J$C$F$$$k$N$G%*%$

%i!<J}Dx<0$, a = F=m $N7A$K$J$C$?%K%e!<%H%s$NBhFsK!B'$G$"$k$3$H$,J,$+$j$^$9!%B>

$N<0$bB?>/LLE]$J>l9g$b$"$j$^$9$,!$$-$A$s$HF3$/$3$H$,=PMh$^$9!%

$5$F!$$3$N$h$&$JJ}Dx<0$O0lHL$KHs@~7A$NJPHyJ,J}Dx<0$GI=$5$l$^$9!%$3$l$i$NJ}Dx<0

$O8=>]$r;YG[$7$F$$$k$N$G!$;YG[J}Dx<0!Jgoverning equation!K$H8F$P$l$^$9!%9)3X$G8=

$l$kJ}Dx<0$O$[$H$s$I$,<!$K<($9;0<oN`$N%Q%?!<%s$KJ,$1$i$l$^$9!%
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¥ HsDj>oG.EAF3J}Dx<0

@T
@t

= a
@2T
@x2

(2.35)

¥ GHF0J}Dx<0

@f
@t

+
@f
@x

= 0 (2.36)

¥ Dj>oG.EAF3J}Dx<0

@2T
@x2

+
@2T
@y2

= 0 (2.37)

$3$l$i$N<0$O9)3X$NLdBj$K$h$/8=$l$k<0$J$N$G!$$h$/GD0.$7$F$*$/I,MW$,$"$j$^$9!%

$5$F!$J}Dx<0$K$O$"$k@-<A$,$"$j!$$=$l$K$h$C$FBg$-$/;0<oN`$KJ,N%$9$k$3$H$,$G$-$^

$9!%$=$7$F$=$N<oN`$K$h$C$FE,MQ$9$k2r@OK!$d:GE,$J2rK!$,0[$J$C$F$/$k$N$G$9!%$3$N$3

$H$r@bL@$9$k$?$a$K!$$D$.$NFs3,JPHyJ,J}Dx<0$r<h$j>e$2$^$9!%

a
@2u
@x2

+ b
@2u

@x@y
+ c

@2u
@y2

+ d
@u
@x

+ e
@u
@y

+ fu + g = 0 (2.38)

>e<0$K$*$$$F!$b2 ¡ 4ac < 0 $N>l9g$rBJ1_7?!$b2 ¡ 4ac = 0 $N>l9g$rJ|J*7?!$ b2 ¡ 4ac > 0

$N>l9g$rAP6J7?$H$$$$$^$9!%$3$l$K$h$k$H!$HsDj>oG.EAF3$NJ}Dx<0$OJ|J*7?!$GHF0J}Dx<0

$OAP6J7?!$Dj>oG.EAF3$OBJ1_7?$H$J$j$^$9y2!%$3$NJ}Dx<0$N7?$K$h$C$F2r@O$9$kJ}K!$,0[

$J$j$^$9$N$G$h$/3P$($F$*$$$F$/$@$5$$!%$H$/$K!$(2.37) <0$OLaplaceJ}Dx<0!J%i%W%i%9

$HFI$_$^$9!K$H8F$P$l$^$9!%$3$N<0$N1&JU$,0 $G$J$$>l9g$OPoissonJ}Dx<0!J%]%"%=%s$H

FI$_$^$9!K$H8F$P$l$^$9!%(2.35) » (2.37) <0$,2?7?$K$J$k$N$+D4$Y$F$_$h$&!%

$5$F!$<!$K3P$($F$*$/$3$H$OJ}Dx<0$N<oN`$G$9!%<!<0$r9M$($F$_$^$9!%

@f
@t

+ c
@f
@x

= d
@2f
@x2

(2.39)

$5$FJ}Dx<0$K$O@~7A$HHs@~7A$H$,$"$j!$$=$l$>$l@-3J$,0[$J$j$^$9!%@~7AJ}Dx<0$OG$0U4X

?t$H$=$NF34X?t$N1 <!7k9g$GI=$5$l$^$9!%2 <!7k9g0J>e$K$J$k$HHs@~7A$H$J$k$N$G$9!%4J

C1$K8@$&$H

@f
@x

= 0 !J@~7A: f $K$D$$$F1 <!!K (2.40)

c
df
dx

= 0 ( c = const.) !J@~7A: f $K$D$$$F1 <!!K (2.41)

y2 >\:Y$O?t3X$N652J=q$r;2>H$N$3$H: $?$H$($P!$?t3X35O@!$;{Bt420lCx!%
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d2f
dx2 = 0

d2f
dx2 =

d
dx

µ
df
dx

¶
!J@~7A: f $K$D$$$F1 <!!K (2.42)

f
df
dx

= 0 f
df
dx

=
d

dx

µ
1
2

f 2
¶

!JHs@~7A: f $K$D$$$F2 <!!K (2.43)

c
df
dx

= 0 ( c = c(x)) !JHs@~7A: =>B0JQ?t$,2 <!!K (2.44)

$b$74X?t$J$i<!$N$h$&$K$J$k$N$OMF0W$KJ,$+$j$^$9

d
dx

(cf ) = c
df
dx

+ f
dc
dx

(2.45)

$7$?$,$C$F(2.39) <0$O@~7A$NJPHyJ,J}Dx<0$H$J$j$^$9!%@~7AJ}Dx<0$HHs@~7AJ}Dx<0$G

$O2r@O$9$kJ}K!$,$^$C$?$/0[$J$k$N$G!$@5$7$/H=CG$G$-$k$h$&$K$J$C$F$*$$$F2<$5$$!%
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F %3!<%R!<%V%l%$%/

%J%]%l%*%s$r$a$0$k?t3X<TC# 8t<_ %T%(!<%k!a%7%b%s!&%I!&%i%W%i%9(1749 » 1827)¶ ³

!!Nr;K$N652J=q$K$bI,$:EP>l$9$k$+$NM-L>$J%U%i%s%9$N%\%J%Q%k%H!&%J%]%l%*%sI @$

$O!$%h!<%m%C%Q$N@,I~$r$a$6$7$?$3$H$GM-L>$G$9$,!$3X<T$r@/<#$K4X$o$i$;$k$3$H$b

$"$j$^$7$?!%$=$N3X<T$NCf$K$O!$$_$J$5$s$N?t3X$dJ*M}$N652J=q$K=P$F$/$k%i%W%i

%9!$%U!<%j%(!$%i%0%i%s%8%e!$%k%8%c%s%I%k!$%b%s%8%e$J$I$,$$$^$7$?!%$3$3$G<h$j

>e$2$k%i%W%i%9$O!$OG@1$N1?F0!$HsG.$NB,Dj!$G.NL$NB,Dj!$LS4I8=>]!$2;GH$NEAGE!$

3NN($N2r@OE*M}O@$J$I?tB?$/$NJ,Ln$K$*$$$F8&5f$r9T$$!$$=$l$>$l$NJ,Ln$GBg$-$J8y

@S$r;D$7$F$$$^$9!%H`$ON.BNNO3X$K4X$7$F$OD>@\4X$o$C$F$$$^$;$s$,!$K\@a$G=P$F$-

$?%i%W%i%9J}Dx<0$OMM!9$NJ*M}8=>]$rI=$7$F$*$j!$N.BNNO3X$K4X$7$F$O%]%F%s%7%c%k

N.$l$N;YG[J}Dx<0$,$3$N7A$K$J$C$F$$$^$9!%$3$N$h$&$KMM!9$J8y@S$r;D$7$?%i%W%i

%9$G$7$?$,!$?M4VE*$K$O;~$N@/8"$KU;$S$kF|OB8+<g5A<T$G$"$j!$$"$^$jB:7I$5$l$??M

$G$O$J$+$C$?$h$&$G$9!%$7$+$7IT0BDj$J@/8"$N$b$H$G8&5f$rB3$1$k$?$a$K$O;EJ}$,

$J$+$C$?$N$+$b$7$l$^$;$s!%
µ ´
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$3$3$G!$%K%e!<%H%s$N1?F0$NK!B'$r=q$$$F$*$-$^$9!%$h$/F,$NCf$K$?$?$-9~$s$G2<$5$$!%

(1) 47@-$NK!B'

(2) F = ma

(3) :nMQ!&H?:nMQ$NK!B'

%,%j%l%*$NJ*BNMn2<$NK!B'$OEvA33P$($F$$$k$G$7$g$&$M?

4JC1$JJ*M}8=>]$NHyJ,J}Dx<0 2.4

<!>O$+$i!$HyJ,J}Dx<0$r:9J,K!$G?tCME*$K2r@O$9$kJ}K!$r3X$s$G$$$-$^$9!%EvA3!$%W%m

%0%i%`$O<+J,$G:n@.$7$F$$$-$^$9$,!$:G=i$K$"$j$,$A$J$N$,!V:n$C$?$b$N$O4V0c$$$J$$!W

$H;W$$$3$s$G$7$^$&$3$H$G$9!%?M4VC/$7$b%_%9$rHH$7$^$9$7!$FC$K=i3X<T$G$"$l$P$J$*

$N$3$H$G$9!%$7$+$7!$=i3X<T$K$O!$$A$g$C$H3NG'$7$?$@$1$G@dBP$"$C$F$$$k!*$@$H$+!$4V

0c$C$F$$$k$O$:$,$J$$!*$H$N;W$$$3$_$bHs>o$K5/$3$7$d$9$$$N$G$9!%<+J,$G:n$C$?%W%m%0

%i%`$,@5$7$$$N$+$I$&$+!$:G=i$N$&$A$O07$&HyJ,J}Dx<0$K87L)2r$,B8:_$7$^$9$N$G!$$+$J

$i$:$=$NEz$($HHf3S$r9T$&JJ$rIU$1$^$7$g$&!%87L)2r$H0lCW$7$J$1$l$P!$4V0c$$$J$/$"$J

$?$N%W%m%0%i%`$,4V0c$C$F$$$k$N$G$9!%$=$N$?$a$K$O!$HyJ,J}Dx<0$N87L)2r$r<+J,$G5a$a

$i$l$k$h$&$K$J$C$F$*$/I,MW$,$"$j$^$9!%$=$NJ}K!$rA4It>R2p$9$k$3$H$O$G$-$^$;$s$7!$

:Y$+$J$3$H$O?t3X$NK\$r8+$F$b$i$&$N$,0lHV$G$9$,!$$3$3$G$O!VJQ?tJ,N%!W$H$$$&J}K!$K

$D$$$F$A$g$C$H>R2p$r$7$F$*$-$^$9!%

$^$:!$G.EAF3J}Dx<0$r9M$($^$9!%$=$N$?$a$K$O!$%(%M%k%.!<J]B8B'$H$$$&$b$N$r9M$($^

$9!%J]B8B'$H$$$C$F$bFq$7$$$3$H$O$J$/!$Mx1W!JB;<:!K= <}F~ ¡ ;Y=P $,4pK\E*$J9M$(J}

$G$9!%$3$l$O$I$N$h$&$J$b$N$G$b!J2H7W$G$bJ*M}K!B'$G$b!KE,MQ$G$-$^$9!%$?$H$($P!$:G

=i!$:bI[$NCf?H$, 4 K|1_$N>uBV$G!$:rF|3 K|1_<}F~$,$"$j:#F| 1 K|1_;H$C$?$i!$<}F~$, 3

K|1_$G;Y=P$,1 K|1_$G$"$k$+$i(3 K|1_ ¡ 1 K|1_) £ 1 F| $H8@$&$3$H$G0lF|$"$?$j2 K|1_

$NMx1W$G$"$k$3$H$OC/$G$bM}2r$G$-$^$9!%0lJ}!$:bI[$NCf?H$N;~4VJQ2=$O:bI[$K;D$C$?NL

$,4pK\$H$J$j$^$9$+$i!$:G8e$K;D$C$?$*6b$h$j:G=i$+$i$"$C$?$*6b$r0z$$$?$b$N$,A}2CNL

!J:bI[$NCf?H$NJQ2=NL!$B;<:$H0[$J$k$3$H$KCm0U!K$H$J$k$3$H$OEvA3$G$7$g$&!J?t3X$G$O

HyJ,$H8F$S$^$9$,!$J*M}$G$OJQ2=NL$G$"$k$3$H$KCm0U!K!%:G=i$K4 K|1_$"$j!$:G8e$K 6 K|

1_;D$C$F$$$k$+$i

6 K|1_ ¡ 4 K|1_ = 2 K|1_
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$GM?$($i$l$^$9!%$3$l$,Mx1W$HD`$j9g$C$F$$$k$N$O8@$&$^$G$b$"$j$^$;$s!%$3$l$r?t<0$G

I=$9$H

:bI[!J 7 7n 2 F|!K¡ :bI[!J 7 7n 1 F|!K

0lF|
= :bI[!J<}F~!K ¡ :bI[!J;Y=P!K (2.46)

;Y=P$O!$%;%s%?!<39$N@>C<$+$iGc$$J*$r;O$a$FElC<$G1 K|1_$,;H$o$l$F$$$?$H$7$^$9!%$3

$l$r>/$7?t3XE*$K=q$/$H

:bI[!J;Y=P!K =
:bI[!J;Y=P!K

%;%s%?!<39$ND9$5
¢%;%s%?!<39$ND9$5 (2.47)

$D$^$j!$%;%s%?!<39$,500 m$@$H$9$k$H!$1 m $"$?$j$N;Y=P$K49;;$7$F;Y=P$NJQ2=N($H

$7$?$o$1$G$9!%$=$l$K%;%s%?!<39$ND9$5$r3]$1$l$P!$$b$H$N;Y=PAm3[$K$J$k$3$H$OEv$?$j

A0$G$9!%$3$l$r!$

dM
dx

=
:bI[!J;Y=P!K

%;%s%?!<39$ND9$5
(2.48)

$HCV$-49$($l$P!$?t3XE*$JI=8=$K$J$j$^$9!%$D$^$j!$HyJ,$GI=$7$F$"$C$F$b!$$=$N0UL#$O

IaCJ9M$($F$$$k:bI[$NCf?H$N4*Dj$HF1$8$J$N$G$9!%

J*M}NL$r07$&>l9g$N!V:bI[!W$r!V8!::BN@Q!W$H8F$S$^$9!%$$$^!$?^2.3 $K<($98!::BN@Q

$r9M$($^$9!%$"$k;~9o$+$iHy>.;~4Vdt $N4V$K:8B&$NJI!JABCD !K$+$i8!::BN@Q$K$b$i$C

Fig. 2.3 Control volume



24 Bh2 >O 4pACCN<1

$?G.NL$O

dQ0 = ¡ ¸
@µ
@x

dydz ¢dt (2.49)

$3$NF1$8;~4V4V3V$G!$1&$NJI!JEFGH !K$+$iF($2$?G.NL$O

dQ0 = ¡ ¸
@

@x

µ
µ +

@µ
@x

¶
dxdydz ¢dt (2.50)

$3$l$i$N:9$,!$8!::BN@Q$KC_$($i$l$?G.NL$G$"$k$+$i!$8!::BN@Q$O29EY$,>e$,$k$O$:$G$"

$k!J<}F~$,;Y=P$h$jB?$+$C$?$N$G:bI[$NCf?H$,A}$($?!K!%

dQ0 = cp½dxdydz
@µ
@t

¢dt (2.51)

$3$N8!::BN@Q$O4($+$C$?$N$G!$FbIt$G%9%H!<%V$rJ2$$$F$$$?$H$9$k$H!$%9%H!<%V$NH/G.

NL$O

dQs = qdxdydz¢dt (2.52)

$3$l$i$N<};Y$r$H$l$P!$:bI[!J8!::BN@Q!K$G A}$($?NL = <}F~!JF~$C$F$-$?J*M}NL!K¡

;Y=P!J=P$F$$$C$?J*M}NL!K$G$9$+$i

cp½dxdydz
@µ
@t

¢dt = ¡ ¸
@µ
@x

dydz ¢dt ¡
·
¡ ¸

@
@x

µ
µ +

@µ
@x

¶
dxdydz ¢dt

¸
(2.53)

$7$?$,$C$F!$N>JU$rcp½dxdydzdt$G3d$l$P!$0J2<$N<0$,MF0W$KF@$i$l$^$9!%

@µ
@t

=
¸

½cp

@2µ
@x2

+ q = a
@2µ
@x2

+ q (2.54)

>e<0$K$*$$$Fa $O29EYEAF3N($H8F$P$l$^$9!%>e<0$,8!::BN@Q!J:bI[!K$G$NG.$N!J$*6b$N!K

2H7WJm$rI=$7$?<0$K$J$j$^$9$,!$$3$l$rG.EAF3$N4pAC<0!$$9$J$o$A%(%M%k%.!<J]B8<0$H8F

$V$3$H$K$7$^$9!%4JC1$N$?$a!$8!::BN@Q$K$O%9%H!<%V$O$J$$$b$N$H$9$k$H!$G.EAF3$N4pAC

<0$O

@µ
@t

= a
@2µ
@x2

(2.55)

HyJ,J}Dx<0$N87L)2r 2.5

J*M}8=>]$NHyJ,J}Dx<0$,5a$a$i$l$^$7$?$N$G!$$3$NJ}Dx<0$N87L)2r$r5a$a$k$3$H$K$7$^

$9!%A0@a$G=R$Y$^$7$?$h$&$K!$JQ?tJ,N%$H$$$&J}K!$K$D$$$F@bL@$9$k$3$H$K$7$^$9!%>e$N
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J}Dx<0$K$O8r:9HyJ,9`@2=@t@x$,4^$^$l$F$$$^$;$s!%$7$?$,$C$Ff (x; t ) $H$$$&7A$N2r

$,$J$$$3$H$,$9$0$KJ,$+$j$^$9!Jsin(at + bx) $J$I$NMM$J2r$,$J$$!K!%$7$?$,$C$F!$F (x)!$

G(t) $N$h$&$J0l2A4X?t$NAH$_9g$o$;$G2r$,I=$5$l$^$9!%:8JU$O;~4V$G0l3,HyJ,$7$?$b$N

$G!$1&JU$Ox $GFs3,HyJ,$7$?$b$N$G$=$l$,Ey$7$$$H$$$&$3$H$O!$µ(x; t ) = F (x)G(t) $N$h

$&$KJQ?t$,J,N%$G$-$k$3$H$r<($7$F$$$^$9!%$3$l$rJQ?tJ,N%$H8F$S!$;YG[J}Dx<0$KBeF~$9

$k$H

@µ
@t

= F
dG
dt

;
@µ
@x

=
dF
dx

G;
@2µ
@x2

=
d2F
dx2 G (2.56)

$H$J$j$^$9$+$i

F
dG
dt

= a
d2F
dx2 G (2.57)

$h$C$F

1
aG

dG
dt

=
1
F

d2F
dx2 G (2.58)

>e<0$,@.$jN)$D$?$a$K$O:8JU!$1&JU$H$b$KDj?t$N;~$@$1$G$9!%$=$l$rk $H$*$/$H

dG
dt

¡ kaG = 0 ;
d2F
dx2 ¡ kF = 0 (2.59)

$3$l$i$O k < 0 $N;~$@$10UL#$r;}$D2r$H$J$j$^$9!J$=$l0J30$,0UL#$r;}$?$J$$$3$H$O3F<+

3NG'$;$h!K!%$=$3$Gk2 = ¡ p $H$*$/$H

d2F
dx2 ¡ p2F = 0 (2.60)

$3$N>oHyJ,J}Dx<0$N0lHL2r$O!$?t3X$N<x6H$r?6$jJV$l$P

y = A cospx + B sinpx (2.61)

$3$3$G$O!$D9$5l $N??$CD>$0$JK@$NN>C<$,>o$K0 °C $G!$=i4|$N29EYJ,I[$, µ(x; 0) = f 0(x)

$N>l9g$K$D$$$F9M$($F$_$^$9!%

¥ Fs3,@~7A>oHyJ,J}Dx<0

d2y
dx2 + a1

dy
dx

+ a2 = 0 (2.62)

$r9M$($F$_$^$9!%$$$^!$y = ȩ x $rBeF~$7$F$_$k$Ḩ2ȩ x + a1ȩ x + a2ȩ x = 0 $,F@$i$l

$^$9!%ȩ x 6= 0 $G$"$k$N$Ģ2 + a1 + a2 = 0 $NFs<!J}Dx<0$,F@$i$l$^$9!%$3$NJ}Dx<0$N
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:,$r$=$l$>$l ®!$ ¯ $H$9$k$H!$85$NHyJ,J}Dx<0$O(¸ ¡ ®)( ¸ ¡ ¯ )ȩ x $HI=$5$l$k$3$H$,MF

0W$KJ,$+$j$^$9!%$9$J$o$Ay = e®x !$ y = ē x $,$=$l$>$l85$NHyJ,J}Dx<0$N2r$K$J$k$3$H

$,J,$+$j$^$9!JBeF~$9$l$P 0 $K$J$k$+$iJ}Dx<0$rK~$?$9!K!%EvA3!$y = C1e®x !J C1 $OG$0U

$NDj?t!K$b85$NJ}Dx<0$N2r$K$J$C$F$$$k$3$H$,J,$+$k$7!$(2.61) <0$b85$NHyJ,J}Dx<0$N2r

$K$J$C$F$$$k$3$H$,MF0W$KJ,$+$j$^$9!%

$5$F!$$3$NFs<!J}Dx<0$N2r$O!$>r7o$K$h$C$F3 DL$j$KJ,$+$l$k$3$H$O9b9;!JCf3X!K$N$H

$-$K3X$s$G$$$^$9!%Fs$D$N<B:,$N>l9g$O>e$K<($7$?$H$*$j$G!$=E:,$N>l9g$O

y = C1e®x + C2e®x (2.63)

5u:,$N>l9g$O® = a + ib!$ ¯ = a ¡ ib $GM?$($i$l$^$9$+$i

y = C1e®x + C2e¯x = eax ¡
C1eibx + C2e¡ ibx ¢

= eax f (C1 + C2) cosbx + i (C1 ¡ C2) sin bxg

= eax (A cosbx + B sinbx)

(2.64)

$5$F!$>e$G<($7$?I|=,$+$i85$NG.EAF3$KOC$rLa$7$^$9!%G.EAF3$N<0$r!$JQ?tJ,N%$G>oHyJ,

J}Dx<0$KJQ49$7!$$=$N0lHL2r$,

y = A cospx + B sinpx (2.65)

$GI=$5$l$k$3$H$,J,$+$j$^$7$?!%$3$3$K!$=i4|>r7o$H6-3&>r7o$rE,MQ$9$k$3$H$K$7$^$9!%

$^$:!$F (0) = A !%$^$?!$G 6= 0 !$F (0) = 0 !%$h$C$FA = 0 !%$7$?$,$C$F!$F (l) = B sinpl!%

>r7o$h$j!$ B 6= 0 $G$J$1$l$P$$$1$^$;$s!%$^$?F (l) = 0 $+$i

B sinpl = 0 ) p =
n¼
l

(2.66)

$$$^B = 1 $H$*$/$H

Fn (x) = sin
n¼x

l
(2.67)

$3$l$OK@$NN>C<$,>o$K0 °C $G$"$k$3$H$rK~B-$7$F$$$^$9!%$3$3$G

k = ¡ p2 = ¡
(n¼)2

l2 ; a = c2 (2.68)

$H$*$/$H85$NHyJ,J}Dx<0$O0J2<$N$h$&$K=q$-49$($i$l$^$9!%

dG
dt

+
c2(n¼)2

l2 = 0 $h$C$F
dG
dt

+ ¸ 2
n G = 0 (2.69)
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$?$@$7̧n = c(n¼)
l !%$3$l$OHyJ,J}Dx<0$NF~LgJT$G$"$k$N$G!JJQ?tJ,N%7A!K

Gn (t) = Bn e¡ ¸ 2
n t (n = 1 ; 2; ¢ ¢ ¢) (2.70)

$7$?$,$C$F!$JQ?tJ,N%$N7A$^$GLa$l$P

µn (x; t ) = Fn (x) ¢Gn (t) = Bn sin
n¼x

l
exp(¡ ¸ 2

n t) (2.71)

>e<0$O$"$kn $NFC2r$G$"$k$N$G!$0lHL2r$OAmOB$r$H$l$P5a$^$j$^$9!%$7$?$,$C$F!$$3$l$G

6-3&>r7o$rK~B-$9$k0lHL2r$,5a$a$i$l$?$N$G!$=i4|>r7o$rK~B-$9$k2r$r5a$a$^$9!%

µ(x; t ) =
1X

n =1

µn (x; t ) =
1X

n =1

Bn sin
n¼x

l
exp(¡ ¸ 2

n t) (2.72)

=i4|29EY$Oµ(x; 0) = f 0(x) $G$9$+$i

µ(x; 0) =
1X

n =1

µn (x; 0) =
1X

n =1

Bn sin
n¼x

l
f 0(x) (2.73)

$A$g$C$HLLE]$G$9$,!$9b9;@8%l%Y%k$N?t3XNO$G==J,2r$$$F$$$/$3$H$,$G$-$^$9!%



28 Bh2 >O 4pACCN<1

F %3!<%R!<%V%l%$%/

¶ %8%g%;%U!&%U!<%j%( !JJean Baptiste Joseph Fourier, 1768 » 1830!K ³

!!%U!<%j%($O1768G/ 3 7n 21 F|!$%U%i%s%9CfIt!$%h%s%L8)$N%*%;!<%k$G;EN)20$NB)

;R$H$7$F@8$^$l$^$7$?!%MD$/$7$FIc?F$rK4$/$7$?%U!<%j%($O!$N&73MDG/3X9;$XF~3X$5

$;$i$l$($^$7$?$,!$$=$3$G?t3X$K6=L#$r<($7!$LkCf$K$J$C$F$+$iO9?$$NG3$($5$7$r=8

$a$F0l?M$GJY6/$KKWF,$7$?!%1789G/!$!XDjJ}Dx<0$N2rK!!Y$HBj$7$?O@J8$rH/I=$9$k$?

$a%Q%j$X8~$+$$!$$=$3$G%U%i%s%93WL?$KAx6x$7$^$7$?!%

!!%U!<%j%($O!$%(%8%W%H1s@,Cf$KH/4x$7$?9T@/!&308r<jOS$r%J%]%l%*%s$KG'$a$i$l!$

1802G/ 1 7n 2 F|$K%$%<!<%k8)CN;v$KG$L?$5$l$^$7$?!%CN;v$H$7$FB?K;$J?&L3$r$3$J

$7!$%(%3!<%k!&%]%j%F%/%K!<%/$+$iB3$1$F$$$?J}Dx<0O@$N8&5f$r$9$k0lJ}!$8GBNFb$K

$*$1$kG.EAF3$r?t3XE*$K8&5f$7$?H`$O!$G.EAF3$K4X$9$k:G=i$NO@J8$r1807G/$K%"%+

%G%_!<!&%G!&%7%"%s%9$KDs=P$7$^$7$?!%%"%+%G%_!<$OFbMF$,IT==J,$@$H$7$F7G:\$O8+

Aw$j$^$7$?$,!$$=$NM-K>$5$+$i1812G/$N7|>^O@J8$NBjL\$r!VG.$N2r@OE*M}O@!W$H$7!$

%"%+%G%_!<Bg>^$r<u>^$7$^$7$?!%$3$l$,:#F|$N%U!<%j%(5i?t$H2r@O$G$9!%

!!H`$O!$?'!9$J$3$H$K6=L#$r;}$C$F$$$?$h$&$G!$%(%8%W%H$+$i;}$A5"$C$?;KNA$NCf$K

$"$C$?%m%<%C%?!&%9%H!<%s$r!$<+?H$N%5%m%s$K=PF~$j$7$F$$$?Ev;~12 :P$N%7%c%s%]

%j%*%s$K=i$a$F8+$;$?$N$b%U!<%j%($G$7$?!%9o$^$l$F$$$k;0<o$NJ8;z$N$&$A$N0l$D

!J%R%(%m%0%j%U!K$,L$2rFI$G$"$k$3$H$r9p$2$i$l$?%7%c%s%]%j%*%s$O!$!V<+J,$,$$$D$+

FI$s$G$_$;$k!W$H@k8@$7!$Ls20 G/$N:P7n$r$+$1$F2rFI$K@.8y$9$k$3$H$K$J$j$^$9!%

!!%i%$%W%D%#%R$N@o$$$GGT$l$?%J%]%l%*%s$O!$1814G/$KB`0L$7$F%(%k%PEg$XN.$5$l!$
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H`$KG'$a$i$l$F$$$?%U!<%j%($O!$%i%W%i%9$i$H$H$b$K?2JV$C$F%k%$18 @$$KCi@?$r

@@$C$?$?$a!$CN;v$rB3$1$k$3$H$rG'$a$i$l$^$7$?!%$H$3$m$,!$%(%k%PEg$rC&=P$7$?

%J%]%l%*%s$O%U%i%s%9$K5"4T$7!$%U!<%j%($OJa$i$($i$l$F$7$^$C$?$N$G$9!%$7$+$7!$

%U!<%j%($O:F$S%J%]%l%*%s$K=>$C$F%m!<%L8)CN;v$KG$L?$5$l$^$9!%

!!$7$+$7$J$,$i!$%o!<%F%k%m!<$N@o$$$N$N$A%J%]%l%*%s$O%;%s%H%X%l%JEg$XN.$5$l!$

%U%i%s%9$O$_$?$S2&@/$KLa$j$^$7$?!%I|0L$7$?%k%$18 @$$ON"@Z$j$r5v$5$:!$%U!<%j

%($OHmLH$5$l$^$9!%$3$N$3$m!$@8L?J]81$K4X$9$k8&5f$r9T$C$F$$$^$7$?!%1816G/!$

%"%+%G%_!<!&%G!&%7%"%s%9$O%U!<%j%($r2q0w$K?dA&$7$?$,!$%k%$18 @$$O$=$l$rG'$a

$J$+$C$?!%$7$+$7%"%+%G%_!<$ODq93$7!$MbG/H`$O2q0w$KA*=P$5$l$^$7$?!%$5$i$K$=$N

8e$b%k%$18 @$$d%]%"%=%s$NH?BP$K$b$+$+$o$i$:@*NO$r?-$P$7$F1822G/$K$O=*?H44

;v$K!$ 1826G/$K$O%"%+%G%_!<!&%U%i%s%;!<%:2q0w$H$J$j$^$7$?!%B>$K$b%i%W%i%9$N

8e$r$D$$$G%(%3!<%k!&%]%j%F%/%K!<%/$NM};vD9$K$J$k$J$I!$%U!<%j%($NHUG/$O%J%]%l

%*%s$K:G8e$^$G=>$C$?$?$aHa;4$JKvO)$rC)$C$?%b%s%8%e$J$I$HHf$Y$l$P!$L>M@$KK~$A

$?$b$N$G$7$?!%

!!:G8e$N?tG/!$%U!<%j%($O2a5n$N8&5f$r$^$H$a!$$=$l$^$G$KH/I=$7$?O@J8$r=PHG$9$k

$?$a$KHq$d$7$^$7$?!%$^$?!$8e?J$N;XF3$K$bNO$rCm$.!$%U!<%j%(5i?t$,<}B+$9$k$?$a

$KI,MW$J!V%G%#%j%/%l$N>r7o!W$rF3$$$?%G%#%j%/%l$OH`$N65$(;R$N0l?M$G$9!%1830

G/ 5 7n 16 F|!$@$>p$,:F$S3WL?!J7 7n3WL?!K$X$HF0$$$F$$$/Cf$G%U!<%j%($OB)$r0z$-

<h$j$^$7$?!%63 :P$G$7$?!%20 Be$N:"$+$iB3$1$F$$$?J}Dx<0O@$N8&5f$r$^$H$a$k$Y$/

A47 4,$NM=Dj$G<9I.ESCf$@$C$?!XDjJ}Dx<0$N2r@O!Y$O!$$"$N%J%S%($,0d9F$r$^$H$a$F

1831G/$K2 :}$@$1$,=PHG$5$l$^$7$?!%$3$s$J$H$3$m$bN.BN$H1o$,$"$k$N$+$b$7$l$^

$;$s!%
µ ´
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3
:9J,K!F~Lg

Approach of Finite Diffrence Method

0l<!85HsDj>oG.EAF3 3.1

$5$F!$$$$h$$$h:9J,K!$rMQ$$$?7W;;$r9T$$$^$9!%A0>O$GG.EAF3$N4pAC<0$G$"$kHyJ,J}Dx

<0$,F3$+$l$^$7$?$N$G!$$^$:G.EAF38=>]$r:9J,K!$G?tCME*$K2r@O$9$k$3$H$r9M$($^$9!%87

L)2r$bF3=P$5$l$^$7$?$N$G!$%W%m%0%i%`$,@5$7$$$+$I$&$+$N%A%'%C%/$bMF0W$J$O$:$G$9!%

@T
@t

= a
@2T
@x2

(3.1)

>e<0$K$*$$$Fa $O29EYEAF3N($G$9!%0J2<!$4JC1$K$9$k$?$aa = 1 $H$7$^$9!JL5<!852=$9

$kJ}K!$b$"$j$^$9$,$3$3$G$O@bL@$7$^$;$s!K!%$5$F>e<0$rN%;62=$7$^$9$,!$:G$b4JC1$JJ}

K!$O;~4VHyJ,9`!$6u4VHyJ,9`$NAPJ}$K$D$$$FCf?4:9J,$r<h$kJ}K!$G$9!%$7$+$7$J$,$i!$;D

G0$J$3$H$K$3$NJ}K!$O0BDj$J7W;;$,$G$-$J$$$3$H$,CN$i$l$F$$$^$9!J$3$l$O%$%.%j%9$N5$

>]3X<T%j%A%c!<%I%=%s$,:G=i$K9T$C$?$b$N$G7k2L$OBg<:GT$K=*$o$j$^$7$?!K!%$=$3$G!$6u

4VHyJ,9`$K$D$$$F$OCf?4:9J,!$;~4V9`$K$D$$$FA0?J:9J,$rMQ$$$k$H0J2<$N<0$,F@$i$l$^$9
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!J$3$l$r FTCS!J Forward Time Centered Space!K$H$$$$$^$9!%$3$&=q$/$H$+$C$3NI$/J9

$3$($^$9$,!$MW$O;~4VA0?J6u4VCf?4$r1Q8l$KD>$7$?$@$1$J$N$G$9!%1Q8l$G$$$&$H$+$C$3NI

$/J9$3$($k$N$G!$Bg3X$N?M4V$O$h$/;H$&$N$G$9!K!%

Tn +1
i ¡ Tn

i

¢ t
=

Ti +1 ¡ 2Ti + Ti ¡ 1

¢ x2 (3.2)

>e<0$K$*$$$FT $O29EY$rI=$9!%$^$?n $O;~9o$r<($7i $OE@$N0LCV$r<($9!%n $O8=:_$r<(

$7 n + 1 $O¢ t $@$1L$Mh$G$"$k$3$H$r<($9!%$3$3$G1&JU$N6u4VHyJ,9`$N29EY$r8=:_$GMQ$$

$k$+!$L$Mh$GMQ$$$k$+!$Fs$D$NJ}K!$,9M$($i$l$^$9!JB>$K$b$$$m$$$m$"$j$^$9!K!%$3$3$G

$O1&JU$r8=:_$GI>2A$9$k$H

Tn +1
i ¡ Tn

i

¢ t
=

Tn
i +1 ¡ 2Tn

i + Tn
i ¡ 1

¢ x2 (3.3)

>e<0$O!$HyJ,J}Dx<0$NHyJ,1i;;;R$r:9J,1i;;;R$KJQ49$7$?$b$N$G$"$k$N$G!$:9J,J}Dx<0$H

8F$P$l$^$9!%>e<0$K$*$$$F$^$@J,$+$i$J$$$b$N!$$9$J$o$AL$CN?t$O:8JU$NTn +1
i $@$1$G

$9!%$=$3$G<0$r!$L$CN?t= 4{CN?t $N4X?t$H$$$&7A$KJQ7A$9$k$H<!<0$N$h$&$K$J$j$^$9!%

Tn +1
i = Tn

i +
¢ t

¢ x2 (Tn
i +1 ¡ 2Tn

i + Tn
i ¡ 1) (3.4)

>e<0$K$h$ji E@$Nn + 1 ;~9o$N29EY$,7W;;$5$l$^$9!%$9$J$o$A$"$k;~9o$N29EYJ,I[$,J,

$+$C$F$$$k>l9g$K!$$=$N¢ t 8e$N29EY$r5a$a$k$3$H$,$G$-$k$N$G$9!%>e<0$r!$Fortran %W

%m%0%i%`$N7?<0$GI=$;$P0J2<$N$h$&$K=q$+$l$^$9!%

do i=2,nx-1
t(i)=to(i)+dt/(dx ** 2) * (to(i+1)-2.d0 * to(i)+to(i-1)

end do
do i=1,nx

to(i)=t(i)
end do

C %W%m%0%i%`$N7?<0$GI=$;$P0J2<$N$h$&$K=q$+$l$^$9!%

for (i=2; i<=nx-1;++i)
{

t[i]=to[i]+dt/pow(dx,2.0) * (to[i+1]-2.0 * to[i]+to[i-1];
}

for (i=1; i<=nx;++i)
{

to[i]=t[i];
}
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Fig. 3.1 One dimensional bar

Fig. 3.2 Discretization

Visual Basic %W%m%0%i%`$N7?<0$G$O!$0J2<$N$h$&$K=q$+$l$^$9!%

For i = 2 To nx-1
t(i)=to(i)+dt/(dxˆ2) * (to(i+1)-2.0 * to(i)+to(i-1)

Next i
For i = 1 To nx

to(i)=t(i)
Next i

nx $OE@$N?t$G$9!%$$$:$l$b!$t $, n + 1 ;~9o$N29EY!$to $, n ;~9o$N29EY$rI=$7$^$9!%$^

$?!$<!$N;~4V$N29EY$r7W;;$9$k$?$a$K!$7W;;$,=*$o$C$?8e!$n + 1 ;~9o$N29EY$rn ;~9o$N

29EY$NJQ?t$XBeF~$7$^$9!%$3$l$K$h$C$F!$$?$H$($Pn = 2 $N29EY$,t $H$9$l$P!$$=$l$r

to $KBeF~$7$^$9$N$G!$n $r 3 $K$7$?$3$H$K$J$j$^$9!%Nc$H$7$F:YD9$$K@$N29EYJ,I[$r7W

;;$9$k$3$H$K$7$^$9!%?^$N$h$&$KK@$N:8C<$,100 ‰!$1&C<$,0 ‰$H$7$?$H$-$N29EYJ,I[

$r (3.4) <0$G7W;;$r9T$$$^$9$,!$$3$N$^$^$G$Oi E@$r$I$3$K<h$l$P$h$$$N$+J,$+$j$^$;$s!%

$=$3$G<!$N$h$&$KK@$rE@$N=89g$GCV$-49$($^$9!%7W;;$O!$?^3.2 $NE@$NItJ,$@$1$G9T$$$^

$9!%$3$N$h$&$KO"B3$J$b$N$rE@$N$h$&$JITO"B3$J$b$N$KCV$-49$($k$3$H$rN%;62=$H$$$$$^

$9!%$3$3$G5?Ld$r;}$?$l$?J}$b$$$k$+$H;W$$$^$9!%K@$OO"B3$J$N$K$=$l$rE@$N=89g$GCV$-

49$($?$b$N$G@5$7$$$N$@$m$&$+?

<B$O!$$3$l$r2r7h$9$k$b$N$,9b9;$N?t3X$G=,$C$?HyJ,$J$N$G$9!J7k9==EMW$J$3$H$r=,$C

$F$$$k$N$G$9!K!%$"$k<0$N6KCM$,$"$k$H$+L5$$$H$+$r7W;;$7$?$3$H$,$"$k$H;W$$$^$9$,!$

$=$l$,Lr$KN)$D$N$G$9!%$9$J$o$A!$:9J,6a;w$N6K8B$,85$NHyJ,$K<}B+$9$l$P!$$=$N:9J,6a

;w$G:n$C$?:9J,J}Dx<0$OO"B3$J$b$N$N6a;w$H$J$k$3$H$,J]>Z$5$l$k$N$G$9!%$?$H$($P!$K@

$r 3 E@$GN%;62=$7$?$H$7$^$9!%$3$N>l9g!$L$CN$NE@$OCf1{$N0lE@$@$1$G$9!%$3$N$H$-:9J,
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J}Dx<0$K6-3&>r7o$rBeF~$9$k$H4JC1$K50 ‰$NEz$($,=P$F$-$^$9!%$=$7$F$3$l$O87L)2r$H

0lCW$7$^$9!%$3$N$h$&$K>/$J$$E@?t$G$b@:EYNI$/Ez$($,=P$F$/$k$N$b!$:9J,6a;w$,HyJ,78

?t$K<}B+$9$k$+$i$J$N$G$9!%

$H$3$m$G!$?3̂.2 $NE@1 $H11 $O100 ‰$H0 ‰$H$$$&29EY$K7h$^$C$F$$$k$N$G!$7W;;$9

$kI,MW$O$"$j$^$;$s!%$3$N$h$&$KC<$NE@$GL$CN?t$G$"$k29EY$r;XDj$9$k$b$N$r6-3&>r7o$H

$$$$$^$9!%$7$?$,$C$F!$2 » 10 $^$G$r7W;;$9$l$PK@$NFbIt$N29EYJQ2=$r7W;;$9$k$3$H$,

$G$-$^$9!%$5$C$=$/%W%m%0%i%`$r:n$C$F$_$h$&!J$3$NLdBj$O87L)2r!J2r@O2r!K$,5a$^$C$F

$$$k$N$GHf3S$7$F$_$^$7$g$&!K!%0J2<$KLdBj$H$=$NEz$($r<($7$F$*$-$^$9!%$3$NLdBj$O%W

%m%0%i%`$,@53N$K$G$-$F$$$J$$$HEz$($,0lCW$7$^$;$s!%%W%m%0%i%`$N0l9T0l9T$K5$$r$D$1

$FG\@:EY7W;;$r9T$&$3$H$G@52r$,F@$i$l$k$G$7$g$&!%

!! LdBj 3.1 !! !!0l<!85HsDj>oG.EAF3$N%W%m%0%i%`$r40@.$5$;$h!%$=$7$F!$0J2<$NNcBj$r

2r@O$7$F$_$h!%=i4|$KK@$N29EY$,0J2<$N$h$&$JJ,I[$G$"$k$H$9$k!%

0 · x · 0:5 $K$*$$$F T = 2x

0:5 · x · 1 $K$*$$$F T = 2(1 ¡ x)

6-3&>r7o$OK@$N:81&C<$G0 $H$9$k!%$3$N$H$-;~4V4V3V$r0.001!$6u4V4V3V

$O0.1$H$7$F;~4V0.02$^$G7W;;$r9T$(!%Ez$($O0J2<$N$h$&$K$J$j$^$9!%$J

$i$J$$>l9g$O%W%m%0%i%`$,4V0c$C$F$$$^$9!%4V0c$C$?>l9g$O!$<+J,$G$I$3

$,0c$C$F$$$k$N$+$rD4::$7$^$7$g$&!%$3$N$h$&$K!$860x$rD4::$9$k$3$H$r

investigation $H8@$$$^$9!%

Table 3.1 Computational result

;~9o x = 0 x = 0 :1 x = 0 :2 x = 0 :3 x = 0 :4 x = 0 :5 x = 0 :6

0:000 0:0000 0:2000 0:4000 0:6000 0:8000 1:0000 0:8000

0:001 0:0000 0:2000 0:4000 0:6000 0:8000 0:9600 0:8000

0:002 0:0000 0:2000 0:4000 0:6000 0:7960 0:9280 0:7960

0:003 0:0000 0:2000 0:4000 0:5996 0:7896 0:9016 0:7896

0:004 0:0000 0:2000 0:4000 0:5986 0:7818 0:8792 0:7818

0:005 0:0000 0:2000 0:3999 0:5971 0:7732 0:8597 0:7732

0:010 0:0000 0:1996 0:3968 0:5822 0:7281 0:7867 0:7281

0:020 0:0000 0:1938 0:3781 0:5373 0:6486 0:6891 0:6486
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!! LdBj 3.2 !! >eLd$G!$x = 0 :5 $GBP>N$G$"$k>r7o$rE,MQ$7!$H>J,$NNN0h$G2r@O$r9T$(!J>r

7o$OF1$8$G$"$k$+$iEz$($bF1$8$K$J$k!K!%

!! LdBj 3.3 !! K@$ND9$5$r1 $H$7!$11 E@$KN%;62=$9$k!J10 J,3d$9$k$3$H$G$9!K!%K@$NN>C<

$O0‰$G8GDj$5$l!$FbIt$N29EY$,

0 · x · 0:5 $K$*$$$F T = 2x

0:5 · x · 1 $K$*$$$F T = 2(1 ¡ x)

$G$"$k$H$9$k!%$3$N$H$-¢ t=¢ x2 = 0 :4 $N>l9g$H¢ t=¢ x2 = 0 :6 $K$D$$

$F7W;;$r9T$C$F$_$h!%$?$@$7!$;~9o$O0.036$^$G$H$9$k!%

Table 3.2 Reration between grid width and time increment

HfN( x = 0 x = 0 :1 x = 0 :2 x = 0 :3 x = 0 :4 x = 0 :5

0:4 0:00000 0:17411 0:33287 0:46062 0:54423 0:57302

0:6 0:00000 0:20000 0:27558 0:55162 0:41984 0:70324

$3$NLdBj$r9T$C$?7k2L$r8+$k$H!$¢ t=¢ x2 = 0 :6 $N7k2L$OJ*M}E*$K$_$F$*$+$7$J$b$N$H

$J$C$F$$$^$9!%<+A3$KNd5Q$9$kLdBj$G!$29EYJ,I[$,FbIt$G%.%6%.%6$K$J$k$3$H$O$"$jF@$^

$;$s!%$J$<$3$N$h$&$J7k2L$K$J$C$?$N$G$7$g$&$+? ¢ t=¢ x2 = 0 :4 $N7k2L$,$*$+$7$/$J

$$$N$r9M$($k$H!$$I$&$b¢ t=¢ x2 $,=EMW$JLr3d$r2L$?$7$F$$$k$h$&$G$9!%

M[2rK!$N0BDj@- 3.2

A0@a$G@bL@$7$?J}K!$O!$L$CN?t$,:8JU$K$^$H$a$i$l!$1&JU$N4{CN?t$N7W;;$@$1$G7W;;

$9$k$3$H$,=PMh$^$9!%$3$N$h$&$K!$L$CN?t$,L@$i$+$K$J$C$F$$$kJ*$rM[2rK!!Jexplicit

method!K$H$$$$$^$9!%A0@a$N7k2L$r8+$k$H!$;~4V4V3V$H6u4V4V3V$O2?$G$b$$$$$H$$$&Lu

$K$O$$$+$J$$$h$&$G$9!%M[2rK!$K$h$k2r@OK!$O<B:]$K7W;;$7$F$_$k$H!$;~4V9o$_$,>.$5$/

$J$$$H7W;;$OH/;6$7$F$7$^$&$3$H$,J,$+$j$^$9!%$=$3$G!$;~4V9o$_$r$I$NDxEY$K$9$k$Y$-

$+$r8!F$$7$F$_$^$9!%$3$l$K$O%U%)%s!&%N%$%^%s$N0BDj2r@O$rMQ$$$k$3$H$,B?$$$N$G$9!%

$I$N$h$&$JJ}K!$+$H$$$&$H!$$"$k;~9o$K$*$$$F:9J,J}Dx<0$KJQF0GH$rF~NO$7$F$d$j!$$b$7

7W;;$,0BDj$K?J$`$H$9$l$PGH$O$*$5$^$C$F$/$k$O$:$G$9!%5U$K!$7W;;$,H/;6$9$k$H$9$l$P

GH$OA}I}$5$l$k$O$:$G$9!%
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Cj>]E*$JI=8=$GJ,$+$j$K$/$$$H;W$$$^$9$N$G!$6qBNE*$K@bL@$7$F$_$^$9!%JQF0GH$H$$$&

$N$OHy>.>qMp$N$3$H!$$9$J$o$A>.$5$$Mp$l$N$3$H$G$9!%$I$&$$$&$3$H$+$H$$$&$H!$$?$H$(

$P0.0001$r0lK|2sB-$7$F$_$^$9!%EEBn$G7W;;$9$l$PEz$($OM=A[$7$?$H$*$j1 $K$J$j$^$9!%

$7$+$7!$$3$N7W;;$r%3%s%T%e!<%?$G9T$&$H1 $K$O$J$j$^$;$s!%$3$l$O%3%s%T%e!<%?$,7W;;

$9$k$H$-!$==?JK!$rMQ$$$:$KFs?JK!$rMQ$$$F$$$k$+$i$J$N$G$9!%<B?t$rFs?JK!$G=q$/$HL5

8B$KB3$/?t$H$J$k$3$H$,B?$/$"$j$^$9!J==?JK!$N?t$rFs?JK!$KJQ49$9$kJ}K!$r9b9;$N$H$-

$K=,$C$?$H;W$$$^$9!%$?$H$($P0.3 $rFs?JK!$KJQ49$7$F$_$F2<$5$$!K!%%3%s%T%e!<%?$O$3

$N$h$&$J>l9g!$M-8B$N7e?t$GBG$A@Z$C$F7W;;$r9T$C$F$$$k$N$G$9!%$7$?$,$C$F$3$N$H$-$K

8m:9$,@8$8!$$3$N8m:9$r4]$a8m:9$H8F$S$^$9!%>e$G=R$Y$?Hy>.>qMp$H$$$&$N$O$3$N4]$a8m

:9$N$3$H$J$N$G$9!%4]$a8m:9$,@.D9$7$F$$$1$P!$$=$N$&$A8m:9$,$?$^$C$F7W;;$OH/;6$7$F

$7$^$$$^$9!%JQF0GH$,8:?j$9$k!$$9$J$o$AK\Mh$"$C$F$O$$$1$J$$4]$a8m:9$,8:?j$7$J$1$l

$P7W;;$O0BDj$7$J$$$H$$$&$3$H$J$N$G$9!%F~NO$9$kGH$H$7$F$Osin GH$HcosGH$N9g@.GH$r

MQ$$$^$9!%

g ¢exp(I»¢ x) * I =
p

¡ 1 (3.5)

%*%$%i!<$N8x<0$r;W$$=P$=$&! exp(Iµ) = cos µ + I sinµ

n ;~9o$N29EY$KBeF~$9$k$H

Tn = gn ¢exp(I»¢ x) (3.6)

>e<0$r(3.4) <0$KBeF~$9$k$H

g =
gn +1

gn

=
¢ t

¢ x2 exp(I»¢ x) +
µ

1 ¡ 2
¢ t

¢ x2

¶
+

¢ t
¢ x2 exp(¡ I»¢ x)

= 1 ¡ 2
¢ t

¢ x2 + 2
¢ t

¢ x2 cos(»¢ x)

= 1 ¡ 2
¢ t

¢ x2 [1 ¡ cos(»¢ x)]

= 1 ¡ 2
¢ t

¢ x2 ¢2 sin2 »¢ x
2

(3.7)

>e<0$K$*$$$Fg $OA}I}N($H8F$P$l!$<!$N>r7o$rK~$?$9$H$-0BDj$H$J$j$^$9!%>e$G=R$Y$?$h

$&$K!$$3$NA}I}N($,1 $h$j>.$5$/$J$1$l$PGH$O$I$s$I$sBg$-$/$J$C$F$$$-!$?k$K$OGzH/

!JH/;6!K$7$F$7$^$$$^$9!J7W;;$GH/;6$H$$$&$N$O!$7W;;5!$G<h$j07$($k:GBg$NBg$-$5$r1[

$($F$7$^$&$3$H$r$$$$$^$9!K!%

jgj · 1 + K ¢ t (3.8)
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K $O@5$NDj?t$G$9!J<B:]$OK = 0 $N$H$-!$$9$J$o$AA}I}N($,1 0J2<$K$J$k$3$H$,0BDj>r7o

$H$J$j$^$9!K!%>e<0$r%U%)%s!&%N%$%^%s$N>r7o$H$$$$$^$9!%4JC1$K8@$($Pg = gn +1 =gn < 1

$H$$$&$3$H$On + 1 ;~9o$NGH$On ;~9o$NGH$h$j>.$5$/$J$k$N$G!$;~4V$,$?$D$K$D$l$FGH$O

>.$5$/$J$k$N$G0BDj$G$"$j!$5U$Kg = gn +1 =gn > 1 $H$$$&$3$H$OGH$,$I$s$I$sBg$-$/$J

$k$N$G:G8e$K$O2r$,H/;6$7$F$7$^$&$H$$$&$3$H$J$N$G$9!%(3.7) <0!$(3.8) <0$h$j0J2<$NIT

Ey<0$,F3$+$l$^$9!%

¡ 1 ¡ K ¢ t · 1 ¡ 4
¢ t

¢ x2 sin2 »¢ x
2

· 1 + K ¢ t (3.9)

>e<0$G0 · sin2 »¢ x
2 · 1 $G$"$k$N$G!$1&JU$NITEy<0$O>o$K@.$jN)$A$^$9!%$7$?$,$C$F:8

JU$NITEy<0$,@.$jN)$F$P$h$$$N$G

4
¢ t

¢ x2 sin2 »¢ x
2

· 2 + K ¢ t (3.10)

:8JU$,:GBg$H$J$k$N$Osin $N9`$, 1 $N$H$-$G$"$k$+$i

¢ t
¢ x2 ·

1
2

+
K
4

¢ t (3.11)

1&JU$,:G$b>.$5$/$J$k$N$OK = 0 $N$H$-$G$"$k$+$i!$<!<0$,F3$+$l$^$9!%

¢ t
¢ x2 ·

1
2

(3.12)

>e<0$,0l<!85HsDj>oG.EAF3J}Dx<0$rM[2rK!$G2r@O$9$k>l9g$N!$6u4VJ,3d$H;~4VJ,3d$N@)8B

$K$J$j$^$9!%F1MM$J<jK!$rMQ$$$FD4::$r9T$&$H!$Fs<!85!$;0<!85$N>l9g$K$O$5$i$K87$7$$

>r7o$H$J$j$^$9!%$9$J$o$A!$:9J,K!$G7W;;$r9T$&>l9g$O6u4V$N4V3V$H;~4V$N4V3V$N<h$jJ}

$K7h$^$j$,$"$j!$$=$N7h$^$j$r<i$i$J$$$H!$0BDj$G@53N$J7W;;$,=PMh$J$/$J$k$N$G$9!%0l

<!85HsDj>oG.EAF3$NLdBj3.3$G¢ t=¢ x2 = 0 :6 $N7W;;$,$*$+$7$+$C$?$N$O!$0BDj>r7o$rK~

B-$7$F$$$J$+$C$?$+$i$J$N$G$9!%0l<!85HsDj>oG.EAF3$N$H$3$m$G=R$Y$?%j%A%c!<%I%=%s$N

J}K!$O!$0BDj2r@O$K$h$k$H!$L5>r7oIT0BDj!$$9$J$o$A¢ x $H¢ t $N4V$,$I$N$h$&$J4X78$G

$"$m$&$H7W;;$OH/;6$9$k$N$G$9!J3F<+3NG'$7$J$5$$!K!%$3$N$h$&$K!$:9J,J}Dx<0$KJQ49$7

$?$H$-$K;~4V9o$_$H6u4VJ,3d$K$"$k9=B$$r;}$?$;$F$$$+$J$1$l$P$J$i$J$$$H$-!$$3$l$r%9

%-!<% !̀Jscheme!K$H8F$S$^$9!%$^$?(3.12) <0$+$iJ,$+$k$3$H$O!$M[2rK!$rMQ$$$k>l9g!$Fs

<!85$d;0<!85$N7W;;$r$9$k$H$-$K3J;RE@?t$rB?$/$H$k$?$a$K$O¢ x2 $KH?HfNc$7$F;~4V4V

3V¢ t $r>.$5$/$7$J$1$l$P$J$j$^$;$s!%$D$^$j3J;RE@?t$r100G\$KA}$d$9$?$a$K$O;~4V4V

3V¢ t $r 1 K|J,$N 1 $K$7$J$1$l$P$$$1$J$$$N$G$9!%$3$&$J$k$H7W;;$N;~4V$OHs>o$KD9$/$J

$j$^$9!%$3$NM[2rK!$KBP$7$F8e$G=R$Y$k1"2rK!!Jimplicit method !K$rMQ$$$k$H;~4V4V3V
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¢ t $rBg$-$/$H$k$3$H$,$G$-$^$9!%$h$C$F!$$3$3$G07$C$?Fs3,HyJ,$GI=$5$l$kJ}Dx<0$G$O

$J$k$Y$/1"2rK!$rMQ$$$?$[$&$,NI$$$H;W$$$^$9!J1"2rK!$K$D$$$F$O8e$N@a$G@bL@$7$^$9!K!%

$3$N$h$&$KJPHyJ,J}Dx<0$r:9J,K!$G2r@O$9$k>l9g!$0BDj>r7o$O$h$/F,$K$$$l$F$*$/I,MW$,

$"$j$^$9!%

Fs<!85HsDj>oG.EAF3 3.3

A0@a$G0l<!85HsDj>oG.EAF3$,7W;;$G$-$^$7$?!%$3$3$G$OFs<!85HsDj>oG.EAF3$K$D$$$F7W

;;$9$k$3$H$K$7$^$9!%$^$:!$4pAC<0$O<!<0$G<($5$l$^$9!%

@T
@t

=
@2T
@x2

+
@2T
@y2

(3.13)

0l<!85$N>l9g$HF1MM$K:9J,6a;w$rMQ$$!$:9J,J}Dx<0$K=q$-D>$7$^$9!%

Tn +1
i; j ¡ Tn

i; j

¢ t
=

Tn
i +1 ; j ¡ 2Tn

i; j + Tn
i ¡ 1; j

¢ x2 +
Tn

i; j +1 ¡ 2Tn
i; j + Tn

i; j ¡ 1

¢ y2 (3.14)

L$CN?t= 4{CN?t $N7A$KJQ7A$9$k$H

Tn +1
i; j = Tn

i; j + ¢ t
µ

Tn
i +1 ; j ¡ 2Tn

i; j + Tn
i ¡ 1; j

¢ x2 +
Tn

i; j +1 ¡ 2Tn
i; j + Tn

i; j ¡ 1

¢ y2

¶
(3.15)

0l<!85$N>l9g$HF1MM$K!$Fortran 7A<0$G=q$1$P

do j=2,ny-1
do i=2,nx-1

t(i,j)=to(i,j)+dt/(dx ** 2) * (to(i+1,j)-2.d0 * to(i,j)+to(i-1,j)
& +dt/(dy ** 2) * (to(i,j+1)-2.d0 * to(i,j)+to(i,j-1)

end do
end do
do j=1,ny

do i=1,nx
to(i,j)=t(i,j)

end do
end do

C %W%m%0%i%`$N7?<0$GI=$;$P0J2<$N$h$&$K=q$+$l$^$9!%

for (j=2; j<=ny-1;++j)
{
for (i=2; i<=nx-1;++i)

{
t[i][j]=to[i][j]+dt/pow(dx,2.0) * (to[i+1][j]-2.0 * to[i][j]+to[i-1][j]
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+dt/pow(dy,2.0) * (to[i][j+1]-2.0 * to[i][j]+to[i][j-1];
}

}
for (j=1; j<=ny;++j)

{
for (i=1; i<=nx;++i)

{
to[i][j]=t[i][j];

}
}

Visual Basic %W%m%0%i%`$N7?<0$G$O!$0J2<$N$h$&$K=q$+$l$^$9!%

For j = 1 To ny-1
For i = 1 To nx-1

t(i,j)=to(i,j)+dt/(dxˆ2) * (to(i+1,j)-2.0 * to(i,j)+to(i-1,j) _
+dt/(dyˆ2) * (to(i,j+1)-2.0 * to(i,j)+to(i,j-1)

Next i
Next j

:#EY$O2<$N$h$&$JHD$G7W;;$7$^$9!%$3$NLdBj$ON>C<$,J(F-$7$?$*Er$HI9$K@\$7$F$$$F!$>e

2<$,CGG.:`$G305$$H<WCG$5$l$F$$$k$H$$$&$b$N$G$9!%$3$NHD$rN%;62=$7$^$9!%0l<!85$N>l

9g$HF1MM$KE@$N=89g$KCV$-49$($k$H!$0l<!85$N>l9g$HF1MM$K6-3&$r$N$>$$$?FbB&$NE@!JFb

E@!K$r7W;;$7$^$9!%0l<!85$N>l9g$H0[$J$k$N$O!$CGG.$N>r7o$G$9!%$3$l$ON.F~$9$kG.NL$,

Fig. 3.3 Two-dimensional plate
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Fig. 3.4 Discretization

0!$$9$J$o$Aq = 0 $H$$$&$3$H$G$9!%EAG.$NK\$r8+$k$H

q = ¡ ¸
@T
@n

!J n $OK!@~J}8~!K (3.16)

$7$?$,$C$FCGG.$N>r7o$O!$30It$H$NG.$N=PF~$j$,$J$$$H$$$&$3$H$J$N$G0J2<$N$h$&$KI=$5

$l$^$9!%

@T
@n

= 0 (3.17)

n $r y J}8~$K<h$j!$>e<0$r:9J,6a;w$9$k$H

Ti; j +1 ¡ Ti; j

¢ y
= 0 ; ) Ti; j +1 = Ti; j (3.18)

$9$J$o$A!$JI$NE@$HJI$+$i0l$D$O$J$l$?E@$N29EY$rEy$7$$$HCV$/$3$H$GCGG.$N>r7o$,K~$?

$5$l$^$9!%$3$N$h$&$K6-3&>r7o$O29EY$r;XDj$9$k!$$9$J$o$A=>B0JQ?t$r;XDj$9$k$b$N$H=>

B0JQ?t$NHyJ,7A$GM?$($i$l$k$b$N$KJ,$1$i$l$^$9!%$3$l$r@lLgE*$J8@MU$GI=$9$H!$A0<T$r

%G%#%j%/%l7?>r7o!$8e<T$r%N%$%^%s7?>r7o$H8F$S$^$9!%%N%$%^%s7?$N6-3&>r7o$N=hM}$NJ}

K!$OB>$K$b$"$j$^$9$,!$$3$3$G$O>JN,$7$^$9!J6-3&>r7o$O$3$NB>$K$b$"$k$N$G$9$,!$G.4X

78$N2r@O$r9T$o$J$1$l$P$3$l$@$1$G$[$H$s$I$NLdBj$,2r7h$5$l$^$9!K!%
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!! LdBj 3.4 !! 0l<!85HsDj>oG.EAF3$N%W%m%0%i%`$rFs<!85HsDj>oG.EAF3$NLdBj$K=q$-D>$7

$J$5$$!%

!! LdBj 3.5 !! J,3d$r 10$H$7$F:8$NJI$r0!$1&$NJI$r 100!$;~4V4V3V0.001$G;~4V2 $^$G

7W;;$r9T$(!%

E,9g@- 3.4

$3$l$^$G$N@bL@$G!$:9J,K!$H$OHyJ,J}Dx<0$r:9J,6a;w$K$h$C$F:9J,J}Dx<0$K=q$-D>$7$F

2r@O$9$k$3$H$,J,$+$C$?$H;W$$$^$9!%$3$N@a$G$O!$:9J,K!$NM}O@$H$7$F:G$b=EMW$JE,9g@-

$K$D$$$F@bL@$7$^$9!%:9J,K!$G2r@O$r9T$C$F$$$k$N$O2?$N$?$a$G$7$g$&$+? $=$l$O!$Hy

J,J}Dx<0$N2r$rF@$k$?$a$G$9! <+A38=>]$O$=$N$[$H$s$I$,Hs@~7A$J8=>]$G$"$k$?$a!$$=$N

;YG[J}Dx<0$bHs@~7A$K$J$j$^$9!%Hs@~7AJ}Dx<0$K8B$i$:HyJ,J}Dx<0$O!$$=$N2r@O2r$,F@$i

$l$k>l9g$O$[$H$s$I$"$j$^$;$s!%$=$N$?$a!$2?$i$+$N6a;w2r$rF@$k$?$a$K:9J,K!$rMQ$$$F

$$$k$N$G$9!J$b$A$m$s6a;w2r$rF@$kJ}K!$OB>$K$b$?$/$5$s$"$j$^$9!K!%$7$?$,$C$F!$:9J,

K!$G2r$$$??tCM2r$,85$NHyJ,J}Dx<0$N6a;w2r$H$J$C$F$$$k$3$H$,J]>Z$5$l$F$$$J$1$l$P!$

$=$N?tCM2r$OL50UL#$J$b$N$H$J$C$F$7$^$&$N$G$9!%

$5$F!$$^$:Bh0l$K<!$N>r7o$,K~B-$5$l$F$$$J$1$l$P$J$j$^$;$s!%

F :9J,4V3V$r 0 $K6a$E$1$F$$$C$?$H$-:9J,J}Dx<0$,HyJ,J}Dx<0$K<}B+$9$k!%

$3$l$OEvA3$N>r7o$G$9!%$5$F!$HsDj>o2r@O$r9T$&>l9g$O6u4V$NN%;62=$H;~4V$NN%;62=$NN>

J}$,I,MW$G$7$?!%$7$?$,$C$F!$:9J,4V3V$b;~4V$H6u4V$NFs$D$K$J$j$^$9!%$3$N$H$-!$;~4V

4V3V$H6u4V4V3V$N4V$K2?$i$+$N4X78!J$?$H$($P;~4V4V3V$O6u4V4V3V$N==J,$N0l$G$"$k$H

$+!K$,$"$k$H$-!$:9J,J}Dx<0$O:9J,%9%-!<% !̀Jscheme!K$H8F$P$l$^$9!%$3$N:9J,%9%-!<%`

$KHyJ,J}Dx<0$N2r$rBeF~$7!$:9J,4V3V$r0 $K6a$E$1$F9T$-$^$9!%$3$l$r%Q%?!<%sB $H$7$^

$7$g$&!%$=$7$F:9J,%9%-!<%`$N4V3V$r0 $K6a$E$1$k>l9g$r%Q%?!<%sA $H$7$^$7$g$&!%$3

$N$H$-!$%Q%?!<%sA $h$j%Q%?!<%sB $NJ}$,B.$/<}B+$7$?>l9g!$HyJ,J}Dx<0$H:9J,%9%-!<

%`$O%3%s%7%9%F%s%H!Jconsistent!K$G$"$k$H$$$$$^$9!%

$D$.$K!$:9J,1i;;$r n 2s9T$C$?$H$7$^$9!J$3$N$3$H$rFq$7$$8@MU$G$$$&$HG$0U$N=i4|CM

$K:9J,1i;;;R$r n 2s:nMQ$5$;$?>l9g$H$J$j$^$9!%$3$N$h$&$KBg3X$N?M4V$O4JC1$J$3$H$G

$bFq$7$/$$$&$N$G$9!K!%$3$N$H$-!$n 2s8e$N?tCM2r$,=i4|CM$KHf$Y$?$H$-

C £!J=i4|CM!K¸ n 2s8e$N?tCM2r
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$H$J$k$h$&$JDj?tC $,B8:_$9$k$H$-!$:9J,%9%-!<%`$O0BDj$G$"$k$H$$$$$^$9!%MW$O!$2?

2s$+7W;;$7$?$H$-$K$=$N$H$-$N2r$,=i4|CM$KHf$Y$"$kDj?tG\$0$i$$$K$7$+$J$i$J$$!$$9$J

$o$AL58BBgG\!$H/;6$7$J$$$H$$$&$3$H$G$9!%H/;6$7$J$1$l$P0BDj$G$"$k$H$$$&Ev$?$jA0$N

$3$H$G$9!%$3$l$rLax $NF1CMDjM}$H$$$$$^$9!%$3$3$G@bL@$7$?>r7o$O!$2 >O$G@bL@$7$?$h

$&$JE,@Z$J:9J,%9%-!<%`$rMQ$$$l$PL5>r7o$KK~B-$5$l$k$N$G!$<B:]$N7W;;$K$*$$$F0U<1$9

$kI,MW$O$"$j$^$;$s!%$?$@!$CN$C$F$*$1$P3X$,$"$k$H;W$o$l$^$9!JFs<!@:EY0J>e$N:9J,%9

%-!<%`$G$"$l$P%3%s%7%9%F%s%H$G$9!K!%

0l<!85Dj>oG.EAF3 3.5

A0@a$^$G$KHsDj>oG.EAF3$N2r@OK!$K$D$$$F@bL@$r9T$$$^$7$?!%$7$+$7!$9)3X$NLdBj$G$O

HsDj>o8=>]$h$j$b!$$`$7$mDj>oLdBj$r07$&$3$H$,B?$$$N$G$9!%$=$3$GK\@a$G$O!$Dj>oG.EA

F3$N2r@OK!$K$D$$$F@bL@$r9T$$$^$9!%$^$:!$4pAC<0$O0J2<$N$h$&$KI=$5$l$^$9!%

@2T
@x2

= 0 (3.19)

$3$N<0$O?tCM7W;;$9$k$^$G$b$J$/4JC1$K2r@O2r$,5a$a$i$l$^$9(T = ax + b) $,!$$H$j$"

$($:7W;;$7$F$_$k$3$H$K$7$^$9!%:9J,J}Dx<0$KD>$9$H

Ti +1 ¡ 2Ti + Ti ¡ 1

¢ x2 = 0 ) Ti +1 ¡ 2Ti + Ti ¡ 1 = 0 (3.20)

$5$F!$(3.20) <0$rM?$($i$l$?6-3&>r7o$N2<$G2r@O$9$l$P$h$$$N$G$9$,!$$3$N>l9g$O<0Cf$N

T $,$9$Y$FL$CN?t$G$"$k$?$a!$3J;RE@A4BN$K(3.20) <0$r:n$j!$$=$NO"N)J}Dx<0$r2r$+$J

$1$l$P$J$j$^$;$s!%6qBNE*$K@bL@$9$k$?$a$K$D$.$NLdBj$r9M$($F$_$^$9!%

Fig. 3.5 Discretization of bar

1 $H6 $O6-3&$G$"$k$+$i7W;;$r9T$&I,MW$O$"$j$^$;$s!%$7$?$,$C$F2 » 5 $^$G$K$D$$$F<0
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$r$?$F$^$9!%

2 $NE@ T1 ¡ 2T2 + T3 = 0

3 $NE@ T2 ¡ 2T3 + T4 = 0

4 $NE@ T3 ¡ 2T4 + T5 = 0

5 $NE@ T4 ¡ 2T5 + T6 = 0

$3$l$i$N<0$r$^$H$a$F=q$/$K$O9TNsI=<($,JXMx$G$9!J@~7ABe?t$,$3$s$J$H$3$m$GLr$K$?$C

$F$/$k$N$G$9!K!%$=$&$9$k$H0J2<$N$h$&$KI=$5$l$^$9!%
0

B
B
B
B
B
B
@

1 0 0 0 0 0
1 ¡ 2 1 0 0 0
0 1 ¡ 2 1 0 0
0 0 1 ¡ 2 1 0
0 0 0 1 ¡ 2 1
0 0 0 0 0 1

1

C
C
C
C
C
C
A

8
>>>>>><

>>>>>>:

T1

T2

T3

T4

T5

T6

9
>>>>>>=

>>>>>>;

=

8
>>>>>><

>>>>>>:

100
0
0
0
0
0

9
>>>>>>=

>>>>>>;

(3.21)

(3.21) <0$N:8JU$N5U9TNs$r:8$+$iN>JU$K3]$1$k$3$H$GT2 » T5 $,5a$^$j$^$9!%$7$+$7!$5U

9TNs$r3]$1$k$3$H$O7W;;NL$,A}$9$N$G!$%,%&%9$N>C5nK!$rDL>oMQ$$$^$9!%%,%&%9$N>C5nK!

$H$$$&$HFq$7$/J9$3$($^$9$,!$<B$OCf3X9;$G=,$C$F$$$k$N$G$9!%$$$^!$<!$NJ}Dx<0$r9M$(

$^$9!%

2x + 4y + 6 z = 6

3x + 8y + 7 z = 15

5x + 7y + 21z = 24
(3.22)

$^$:!$$$$A$P$s>e$N<0$rJQ7A$9$k$Hx = 3 ¡ 2y ¡ 3z!%$3$l$rFsHVL\$H;0HVL\$N<0$KBeF~

$9$k$H

2y ¡ 2z = 6

¡ 3y + 6z = 9
(3.23)

>eB&$N<0$h$jy = 3 + z!%$3$l$r2<B&$N<0$KBeF~$9$k$Hz = 6 $H$J$j$^$9!%$3$l$^$G$NIt

J,$rA0?J>C5n$H$$$$$^$9!%$D$.$Kz = 6 $r y = 3 + z $KBeF~$7$Fy = 9 !%$=$7$F$3$l$i$r

x = 3 ¡ 2y ¡ 3z $KBeF~$9$k$Hx = ¡ 33$H$J$j$^$9!%$3$N7W;;$r8eB`BeF~$H8F$S$^$9!%$3

$l$r%,%&%9$N>C5nK!$H$$$$$^$9!%>e$N=q$-J}$G$O0lHLE*$G$J$$$N$G!$9TNs$N7A$rMQ$$$F7W

;;$r9T$C$F$_$^$9!%$^$:!$2r$/$Y$-<0$r9TNsI=<($9$k$H
0

@
2 4 6
3 8 7
5 7 21

1

A

8
<

:

x
y
z

9
=

;
=

8
<

:

6
15
24

9
=

;
(3.24)



44 Bh3 >O :9J,K!F~Lg

>e<0$N:8JU$N9TNs$r78?t9TNs$H8F$S$^$9!%$5$F!$$^$:1 9TL\$r 2 $G3d$k$H
0

@
1 2 3
3 8 7
5 7 21

1

A

8
<

:

x
y
z

9
=

;
=

8
<

:

3
15
24

9
=

;
(3.25)

$D$.$K!$1 9TL\$r 3 G\$7$F2 9TL\$+$i0z$/$H
0

@
1 2 3
0 2 ¡ 2
5 7 21

1

A

8
<

:

x
y
z

9
=

;
=

8
<

:

3
6
24

9
=

;
(3.26)

$5$i$K!$1 9TL\$r 5 G\$7$F3 9TL\$+$i0z$/$H
0

@
1 2 3
0 2 ¡ 2
0 ¡ 3 6

1

A

8
<

:

x
y
z

9
=

;
=

8
<

:

3
6
9

9
=

;
(3.27)

$D$.$O!$2 9TL\$r 2 $G3d$k
0

@
1 2 3
0 1 ¡ 1
0 ¡ 3 6

1

A

8
<

:

x
y
z

9
=

;
=

8
<

:

3
3
9

9
=

;
(3.28)

$=$7$F2 9TL\$r ¡ 3 G\$7$F3 9TL\$+$i0z$/$H
0

@
1 2 3
0 1 ¡ 1
0 0 3

1

A

8
<

:

x
y
z

9
=

;
=

8
<

:

3
3
18

9
=

;
(3.29)

3 9TL\$r 3 $G3d$k$3$H$Gz $,5a$^$j$^$9!%
0

@
1 2 3
0 1 ¡ 1
0 0 1

1

A

8
<

:

x
y
z

9
=

;
=

8
<

:

3
3
6

9
=

;
(3.30)

0J>e$N7W;;$,A0?J>C5n$G$9!%0J2<!$8eB`BeF~$r9T$&$3$H$K$h$C$FEz$($,5a$^$j$^$9!%$=$l

$G$O<B:]$K(3.21) <0$r2r$$$F$_$k$3$H$K$7$^$9!%T1!$ T6 $O$9$G$K29EY$,M?$($i$l$F$$$k

$N$GL$CN?t$G$O$"$j$^$;$s!%$=$3$G$3$l$i$r%^%H%j%C%/%9$+$i=|$-$^$9!%

0

B
B
@

1 ¡ 2 1 0 0 0
0 1 ¡ 2 1 0 0
0 0 1 ¡ 2 1 0
0 0 0 1 ¡ 2 1

1

C
C
A

8
>>>>>><

>>>>>>:

T1

T2

T3

T4

T5

T6

9
>>>>>>=

>>>>>>;

=

8
>>>>>><

>>>>>>:

100
0
0
0
0
0

9
>>>>>>=

>>>>>>;

(3.31)
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T1!$ T6 $r1&JU$K0\$9$H
0

B
B
@

¡ 2 1 0 0
1 ¡ 2 1 0
0 1 ¡ 2 1
0 0 1 ¡ 2

1

C
C
A

8
>><

>>:

T2

T3

T4

T5

9
>>=

>>;
=

8
>><

>>:

¡ 100
0
0
0

9
>>=

>>;
(3.32)

$^$:!$ 1 9TL\$r ¡ 2 $G3d$k$H
0

B
B
@

1 ¡ 1
2 0 0

1 ¡ 2 1 0
0 1 ¡ 2 1
0 0 1 ¡ 2

1

C
C
A

8
>><

>>:

T2

T3

T4

T5

9
>>=

>>;
=

8
>><

>>:

50
0
0
0

9
>>=

>>;
(3.33)

$D$.$K1 9TL\$r 2 9TL\$+$i0z$/$H
0

B
B
@

1 ¡ 1
2 0 0

1 ¡ 3
2 1 0

0 1 ¡ 2 1
0 0 1 ¡ 2

1

C
C
A

8
>><

>>:

T2

T3

T4

T5

9
>>=

>>;
=

8
>><

>>:

50
¡ 50

0
0

9
>>=

>>;
(3.34)

2 9TL\$r ¡ 3
2 $G3d$k$H

0

B
B
@

1 ¡ 1
2 0 0

0 1 ¡ 2
3 0

0 1 ¡ 2 1
0 0 1 ¡ 2

1

C
C
A

8
>><

>>:

T2

T3

T4

T5

9
>>=

>>;
=

8
>><

>>:

50
100

3

0
0

9
>>=

>>;
(3.35)

2 9TL\$r 3 9TL\$+$i0z$/$H
0

B
B
B
@

1 ¡ 1
2 0 0

0 1 ¡ 2
3 0

0 0 ¡ 4
3 1

0 0 1 ¡ 2

1

C
C
C
A

8
>><

>>:

T2

T3

T4

T5

9
>>=

>>;
=

8
>><

>>:

50
100

3
0
0

9
>>=

>>;
(3.36)

3 9TL\$r ¡ 4
3 $G3d$k$H

0

B
B
B
@

1 ¡ 1
2 0 0

0 1 ¡ 2
3 0

0 0 1 ¡ 3
4

0 0 1 ¡ 2

1

C
C
C
A

8
>><

>>:

T2

T3

T4

T5

9
>>=

>>;
=

8
>><

>>:

50
100

3
300
12

0

9
>>=

>>;
(3.37)

3 9TL\$r 4 9TL\$+$i0z$/$H
0

B
B
B
@

1 ¡ 1
2 0 0

0 1 ¡ 2
3 0

0 0 1 ¡ 3
4

0 0 0 ¡ 5
4

1

C
C
C
A

8
>><

>>:

T2

T3

T4

T5

9
>>=

>>;
=

8
>><

>>:

50
100

3
300
12

¡ 300
12

9
>>=

>>;
(3.38)
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4 9TL\$r ¡ 5
4 $G3d$k$3$H$GT5 $,5a$^$j$^$9!%

T5 = 20 (3.39)

0J2<!$8eB`BeF~$K$h$C$F

T4 = 40; T3 = 60; T2 = 80 (3.40)

$3$NJ}K!$r1~MQ$9$kNc$O?tB?$/$"$k$N$G!$3N<B$K%^%9%?!<$7$F2<$5$$!%0J>e$N2aDx$GJ,$+

$k$h$&$K!$%,%&%9$N>C5nK!$O:8JU$N78?t9TNs$rC10L9TNs$K$9$k$b$N$J$N$G$9!%$5$F<B:]$K

%W%m%0%i%`$GI=$9$H0J2<$N$h$&$K$J$j$^$9!%G[NsA $,78?t9TNs$GB $,1&JU%Y%/%H%k$G$9!%

G.EAF3$N>l9g!$78?t9TNs$O9TNs$NBP3Q@~$NItJ,!J$3$l$rBP3Q@.J,$H$$$$$^$9!K$H$=$NN>B&

$K1 8D$:$E$N3 8D$N@.J,$7$+$J$$$N$G$3$l$@$1$r5-21$9$l$P$$$$$3$H$K$J$j$^$9!J3 =EBP

3Q9TNs$H8F$S$^$9!K!%$^$:3F9T$rBP3Q@.J,$G3d$k:n6H$,9T$o$l$^$9!%$=$7$F1&JU%Y%/%H%k

$rBP3Q@.J,$G3d$j$^$9!%$D$.$K!$$=$N1 $D2<$N9T$+$i>e$N9T$r0z$-$^$9!%$3$l$r9TNs$N9T

?tJ,7+$jJV$7$F$d$k$3$H$K$h$C$FBP3Q@.J,$,1 $K$J$j$^$9!%0J>e$,A0?J>C5n$G$9!%$"$H$O

2<$+$i=g$K8eB`BeF~$r9T$&$3$H$G2r$,5a$^$j$^$9!%%,%&%9$N>C5nK!$O?tCM7W;;$NK\$K%W%m

%0%i%`$,:\$C$F$$$^$9$,!$$=$N$h$&$J$b$N$r;H$&$H$-$bI,$:4JC1$J9TNs$K$D$$$F%W%m%0%i

%`$NDL$j$K<j$G7W;;$r9T$C$F$_$F2<$5$$!%$=$&$9$k$3$H$GK\Ev$KM}2r$G$-$k$N$G$9!%
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C ////////////////////////////////
C // GAUSS ELIMINATION METHOD //
C ////////////////////////////////
C

SUBROUTINE GAUSS(A,B,N)
C

IMPLICIT DOUBLE PRECISION(A-H,O-Z)
DIMENSION A(N,N),B(N)

C
C WRITE(* , * )'//// Gauss Elimination Method ////'
C

NT=N-1
C

DO 130 K=1,NT
C

KT=K+1
C

DO 131 J=KT,N
C

A(K,J)=A(K,J)/A(K,K) 78?t9TNs$N>e;03Q@.J,$rBP3Q$G3d$k
C

131 CONTINUE
C

B(K)=B(K)/A(K,K) 1&JU%Y%/%H%k$rBP3Q$G3d$k
C

DO 132 I=KT,N
DO 133 J=KT,N

C
A(I,J)=A(I,J)-A(I,K) * A(K,J) <!$N9T$N2<;03Q$N>C5n

C
133 CONTINUE

C
B(I)=B(I)-A(I,K) * B(K) 2<;03Q$N>C5n$KH<$&1&JU%Y%/%H%k$N0z$-;;

C
132 CONTINUE

C
130 CONTINUE

C
B(N)=B(N)/A(N,N) 9TNs$N:G2<Ns$NL$CN?t$,7hDj$5$l$?

C
DO 134 K=1,NT

C
L =N-K
LT=L+1

C
DO 134 J=LT,N

C
B(L)=B(L)-A(L,J) * B(J) 8eB`BeF~

C
134 CONTINUE

C
C

RETURN
END

C ******************************
C ** GAUSS ELIMINATION METHOD**
C ******************************
C

SUBROUTINE GAUSS(A,B,N) 78?t9TNs$,BP3Q$H$=$NN>B&$7$+$J$$!$;0=EBP3Q
C 9TNs$N>l9g!%Fs<!@:EY$N:9J,K!$GMQ$$$i$l$k!%

IMPLICIT DOUBLE PRECISION (A-H,O-Z)
DIMENSION A(50,3),B(50)

C
C

DO 100 K=1,N
C

A(K,3)=A(K,3)/A(K,2) 78?t9TNs$N>e;03Q@.J,$rBP3Q$G3d$k
B(K)=B(K)/A(K,2) 1&JU%Y%/%H%k$rBP3Q$G3d$k

C
IF(K.EQ.N) GO TO 100

C
A(K+1,2)=A(K+1,2)-A(K,3) * A(K+1,1) <!$N9T$N2<;03Q$N>C5n
B(K+1)=B(K+1)-B(K) * A(K+1,1) 2<;03Q$N>C5n$KH<$&1&JU%Y%/%H%k$N0z$-;;

C
100 CONTINUE

C
DO 110 KK=2,N

C
K=N+1-KK

C
110 B(K)=B(K)-B(K+1) * A(K,3) 8eB`BeF~

C
C

RETURN
END
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!! LdBj 3.6 !! A0JG$N%W%m%0%i%`$r:n@.$7!$4JC1$J9TNs$N7W;;$r9T$C$F8+$h!%

F %3!<%R!<%V%l%$%/

¶ %h%O%s!&%+%k%k!&%U%j!<%H%j%R!&%,%&%9 !JJohann Karl Friedrich Gauss, 1777 » 1855!K ³

!!!VD6;~BeE*$J?t3X<T!W$H$?$?$($i$l!V?t3X$N2&MM!W$H$"$,$a$i$l$k%,%&%9$O1777

G/ 4 7n 30 F|!$%I%$%D$N%V%i%&%s%7%e%t%!%$%/$H$$$&D.$K$l$s$,?&?M$NB);R$H$7$F@8

$^$l$^$7$?!%Ic$O$b$A$m$s$N$3$H!$K\?M$bBg$-$/$J$C$?$i@W$r7Q$$$G$l$s$,$r@Q$_=E

$M$k;E;v$r$9$k$D$b$j$G$$$?$h$&$G$9!%$7$+$7!$$3$N>/G/$O>.3X9;$K$O$$$k$H$H$b$K

@h@8$r6C$+$;$F$$$?$h$&$G$9!%

!!FsG/@8!J8 :P!K$N$"$k$H$-1 $+$i 100$^$G$N@0?t$NAmOB$r$$$H$b$?$d$9$/7W;;$7$?

$N$G$9!%$b$A$m$s1 + 2 + 3 + ¢ ¢ ¢+ 99 + 100 $r$A$^$A$^$H7W;;$7$?$N$G$OL5$/!$3'

$5$s$,9b9;$G?tNs$r=,$C$?$H$-$K3P$($?J}K!$r<+NO$G$"$C$H8@$&4V$K9M$($@$7$F7W

;;$7$?$N$G$9!%%,%&%9$O?t3X$@$1$K$H$I$^$i$:$"$i$f$k$b$N$K6=L#$r<($7$?$h$&$G

9b9;;~Be$K$O8EE5J83X!$$3$H$K8E$$8@8l$K0z$-$D$1$i$l$F$$$?$h$&$G8@8l3X$r@l96$7

$h$&$+$H9M$($k$[$I$G$7$?!%$=$7$F$H$-$ON.$l$F%2%C%A%s%2%sBg3X$XF~3X$7$?$H$-

$NOC$G$9$,!$$3$N$H$-8N6?$N%V%i%&%s%7%e%t%!%$%/$+$i%2%C%A%s%2%s$^$G$N120 km

$NF;$N$j$rJb$$$?$=$&$G$9!%$^$?$=$N8e$b5">J$9$k$H$-$O$$$D$bJb$$$?$=$&$G!$Jb

$/$N$,$h$[$I9%$-$@$C$?$h$&$G$9!%3 G/4V%2%C%A%s%2%sBg3X$G3X$s$@$"$H!$%X%k%`%9

%F%C%HBg3X$G3X0LO@J8$rH/I=$7$^$7$?!%$3$l$O8=Be$N?t3X$G$O!VBe?t3X$N4pK\DjM}!W

$H8F$P$l$F$$$k$b$N$G$9!%$3$NO@J8$K$h$C$F19 @$5*$N?t3X3&$K?7$7$$Iw$,?a$-9~$^
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$l$?$N$G$9!%$3$N8e%,%&%9$OMM!9$J8&5f$K<h$jAH$_$^$7$?!%E7J83X$K6=L#$r<($7E7

J8BfD9$H$J$C$F$$$^$9$7!$$3$N$H$-!VB,CO3X!W$rDI5a$74QB,$7$?CM$N@:EY$rL@3N$K$9

$k$?$a$K!V8m:9O@!W$r<yN)$7!$3'$5$s$,$4B8$8$N!V:G>.<+>hK!!W$r40@.$5$;$^$7$?!%

$^$?!$$3$NB>$K$b!V<'5$!W!$!VEE5$!W!$!V8w3X!W$J$I$NNN0h$K$b=EMW$J9W8%$r$7$F$$$^$9!%

$b$A$m$s?t3X$K$*$$$F$b!$6uA0$H$$$C$F$h$$$[$I$K!$$"$i$f$kJ,Ln$K$^$?$,$C$?$b$N

$r$?$/$5$s40@.$7$F$$$^$9!%$7$+$7!$%,%&%9<+?H$O$[$H$s$I8xI=$7$F$*$i$:F|5-$J$I

$K=q$-;D$7$?$j$7$F$$$^$9!%$3$NF|5-$O19 %Z!<%8$N$5$5$d$+$J>.:};R$J$N$G$9$,$3

$NCf$K$O146$N8&5f@.2L$,4J7i$K5-O?$5$l$F$*$j!$?t3X;KA4BN$NCf$G:G$b5.=E$J5-

O?J8=q$H$$$($k$b$N$G$7$g$&!%$3$NF|5-$OH`$N;`8e43 G/$?$C$F$+$iB9$N=j$KJ]4I$5

$l$F$$$k$b$N$,H/8+$5$l$^$7$?!%
µ ´

Fs<!85Dj>oG.EAF3 3.6

K\@a$G$O!$Fs<!85LdBj$N2r@OK!$K$D$$$F@bL@$7$^$9!%Fs<!85$N>l9g$b0l<!85$HF1MM$K2r

@O$9$k$3$H$,$G$-$^$9!%$7$+$7!$Fs<!85LdBj$KBP$7$F%,%&%9$N>C5nK!$G0lEY$K2r$3$&$H$9

$k$H!$78?t9TNs$,Hs>o$KBg$-$/$J$k$?$a5-21MFNL$,G|Bg$J$b$N$H$J$j$^$9!%%,%&%9$N>C5n

K!$N$h$&$K0lEY$K9TNs$NH?E>$r9T$&$b$N$rD>@\K!$H$$$$$^$9!%D>@\K!$OBg$-$J5-21MFNL$r

I,MW$H$9$k$?$a!$B?<!85$NLdBj$KBP$7$F$OM-8z$G$O$"$j$^$;$s!%0lHL$K!$B?<!85$NLdBj$r

2r@O$9$k>l9g!$9TNs$NH?E>$K$OH?I|K!$H8F$P$l$kJ}K!$,MQ$$$i$l$^$9!%$3$3$G$OH?I|K!$K

$h$k2r@OK!$K$D$$$F@bL@$7$^$9!%$^$:4JC1$K@bL@$9$k$?$a$K!$0l<!85$N>l9g$K$D$$$F9M$(

$^$9!%

Ti +1 ¡ 2Ti + Ti ¡ 1 = 0 (3.41)

K\Mh$@$H$3$N<0$+$iTi $r5a$a$J$1$l$P$$$1$J$$$N$G

Ti =
1
2

(Ti +1 + Ti ¡ 1) (3.42)

$^$: 1 2sL\$O>e<0$N1&JU$K$OE,Ev$JCM$rBeF~$7$^$9!%$=$l$rT (2)
i $H$9$k$H

T (2)
i =

1
2

(T (1)
i +1 + T (1)

i ¡ 1) (3.43)
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Fig. 3.6 Discretization of bar

>e<0$r7W;;NN0h$NFbE@$KE,MQ$7$^$9!%$=$7$F

" =
X

s
(T (2)

i ¡ T (1)
i )2

N
(3.44)

$r7W;;$7$^$9!%" $, 0 $J$i$P$=$l$,@52r$K$J$j$^$9!JJ}Dx<0$,K~B-$5$l$?$+$i!K!%$7$+$7!$

B?$/$N>l9g0 $K$O$J$j$^$;$s$N$G0 $K$J$k$^$G7+$jJV$77W;;$r9T$&$N$G$9!%$D$^$j!$2 2s

L\$NCM$r(3.42) <0$N1&JU$KBeF~$73 2sL\$NEz$($r5a$a$^$9!%$=$7$F8m:9$,0 $G$J$1$l$P!$

$5$i$K 3 2sL\$NCM$r1&JU$KBeF~$74 2sL\$NEz$($r5a$a$^$9!%$3$N<j=g$r" $, 0 $K$J$k$^

$G7+$jJV$7$F$d$l$P$h$$$N$G$9!%<B:]$K$O0 $K$J$k$3$H$O$J$$$N$G!JBG$A@Z$j8m:9$d4]

$a8m:9$,$"$k$+$i!K$"$k>.$5$J?t$h$j>.$5$/$J$C$?$H$-7W;;$r=*N;$7$^$9!%$3$l$GDj>o

>uBV$N29EY$,5a$^$k$o$1$G$9!%$3$NJ}K!$r%d%3%S!JJacobi!KK!!$$"$k$$$O%j%A%c!<%I%=%s

!J Richardson!KK!$H$$$$$^$9!%6qBNE*$K7W;;$r$7$F$_$^$7$g$&!JJacobi $O%d%3%S!$Jordan

$O%h%k%@%s$H=q$+$l$^$9$,!$$3$l$O1Q8l$GH/2;$9$k$H$-$O%8%c%3%S!$%8%g!<%@%s$HFI$^$l

$k$3$H$KCm0U$7$^$7$g$&!K!%1!$6 $O6-3&$J$N$G2 » 5 $^$G7W;;$7$^$9!%Bh1 2sL\$NCM$H$7

$F0 $rMQ$$$k$H!$2 2sL\$NCM$O

T (2)
2 = 50; T (2)

3 = 0 ; T (2)
4 = 0 ; T (2)

5 = 0 (3.45)

Bh3 2sL\0J9_$NCM$O

T (3)
2 = 50; T (3)

3 = 25; T (3)
4 = 0 ; T (3)

5 = 0

T (4)
2 = 62:5; T (4)

3 = 25; T (4)
4 = 12:5; T (4)

5 = 0

T (5)
2 = 62:5; T (5)

3 = 37:5; T (5)
4 = 12:5; T (5)

5 = 6 :25

$3$NJ}K!$r$h$/9M$($F$_$k$H!$$?$H$($Pi = 4 $NE@$Nk + 1 2sL\$N7W;;$r$9$k>l9g

T (k+1)
4 =

1
2

(T (k )
3 + T (k )

5 ) (3.46)

$G7W;;$r9T$C$F$$$^$9$,!$T3 $O$9$G$Kk + 1 2sL\$NCM$,$"$k$N$G$=$l$rMQ$$$k$3$H$K$9

$k$H!$H?I|7W;;$N<0$O0J2<$N$h$&$K$J$j$^$9!%

T (k+1)
i =

1
2

(T (k+1)
i ¡ 1 + T (k )

i +1 ) (3.47)



3.6 Fs<!85Dj>oG.EAF3 51

$3$NJ}K!$GF1$8LdBj$r2r$$$F$_$k$H

2 2sL\!! T (2)
2 = 50; T (2)

3 = 25; T (2)
4 = 12:5; T (2)

5 = 6 :25

3 2sL\!! T (3)
2 = 62:5; T (3)

3 = 37:5; T (3)
4 = 21:875; T (3)

5 = 10:9375

$H$J$j!$%d%3%SK!$h$j7W;;$N?J$_6q9g$,B.$$$3$H$,J,$+$j$^$9!%$7$?$,$C$F!$<}B+$^$G$N

7W;;2s?t$,>/$J$/$J$j$^$9!%$3$NJ}K!$r%,%&%9!&%6%$%G%k!JGauss-Seidel!KK!$"$k$$$O%j!<

%W%^%s!JLiepman!KK!$H$$$$$^$9!%$5$F!$(3.47) <0$O$5$i$K<}B+$r2~NI$9$k$3$H$,2DG=$G

$9!%<}B+$7$F$$$J$1$l$P:8JU$H1&JU$OEy$7$/$J$/!$<}B+$7$F$$$l$PEy$7$$$H$$$($^$9!%$7

$?$,$C$F!$k + 1 2sL\$NCM$Hk 2sL\$NCM$r(3.47) <0$N1&JU$K2C$($F$d$l$P!$$5$i$K7W;;$,

2CB.$5$l$=$&$G$9!%$3$NJ}K!$r6qBNE*$K=q$/$H!$$^$:(3.47) <0$G$N2>$N!Jtentative !K29

EYeTi
(k+1)

$r5a$a$^$9!%$=$7$F

R = eTi
(k+1)

¡ T (k )
i (3.48)

$G;D:9$r7W;;$7$^$9!%N $O7W;;$7$?E@$N8D?t$G$9!%$=$7$F

T (k+1)
i = T (k )

i + !R (3.49)

$Gk + 1 2sL\$N29EY$r7W;;$9$k$N$G$9!%$3$NJ}K!$O%j!<%W%^%sK!$r2CB.$7$?$N$G!$2CB.

%j!<%W%^%sK!!$$"$k$$$OSOR!J Successive-Over-Relaxation!KK!!JC`<!2a4KOBK!!K$H8F$P

$l$^$9!%! $O4KOB78?t$G1 » 2 $NCM$rMQ$$$^$9!%4KOB78?t$OBg$-$JJ}$,<}B+$,B.$$$N$G$9

$,!$$"$kCM$h$j$bBg$-$/$J$k$H$+$($C$F<}B+$,0-$/$J$j$^$9!%$7$+$b$"$kCM$O;vA0$KJ,$+

$i$J$$$N$G!$7W;;$r2?DL$j$+9T$C$F8+$D$1$k$7$+$"$j$^$;$s!%

$D$.$KFs<!85$N>l9g$K$D$$$F@bL@$7$^$9!%;YG[J}Dx<0$O

@2T
@x2

+
@2T
@y2

= 0 (3.50)

:9J,J}Dx<0$KD>$9$H

Ti +1 ; j ¡ 2Ti; j + Ti ¡ 1; j

¢ x2 +
Ti; j +1 ¡ 2Ti; j + Ti; j ¡ 1

¢ y2 = 0 (3.51)

Ti; j $K$D$$$F$^$H$a$k$H
µ

2
¢ x2 +

2
¢ y2

¶
Ti; j =

Ti +1 ; j + Ti ¡ 1; j

¢ x2 +
Ti; j +1 + Ti; j ¡ 1

¢ y2 (3.52)

0l<!85$N>l9g$HF1MM$KSOR K!$K$h$j

T (k+1)
i; j = T (k )

i; j + !
³

T (k+1)
i; j ¡ T (k )

i; j

´
(3.53)
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>e<0$NT k+1
i $r (3.52) <0$G7W;;$7$^$9!%0l2sL\$NH?I|CM!Jk = 1 !K$OE,Ev$J=i4|CM$rM?$(

$FMQ$$$^$9!%$3$l$r7+$jJV$7$F!$;D:9$,>.$5$/$J$k$^$G9T$$$^$9!%

0J>e!$G.EAF3J}Dx<0$NDj>o!$HsDj>o2r@O$K$D$$$F@bL@$r9T$$$^$7$?!%$3$l$G:9J,K!$N4p

ACE*$J$3$H$,M}2r$G$-$?$+$H;W$$$^$9!%$"$H$O1~MQLdBj$r2r$1$P$h$$$N$G$9$,!$4pK\E*$K

G.EAF3$HF1$8J}K!$G2r$/$3$H$,$G$-$^$9!%<j=g$,A}$($k$@$1$GFC$KFq$7$$M}O@$O$$$i$J$$

$N$G$9!%?tCM7W;;$r%^%9%?!<$9$k$K$O$H$K$+$/H?I|N}=,$,I,MW$G$9!

!! LdBj 3.7 !! 6-3&>r7o$rJQ$($F$_$F!$G.EAF3LdBj$r2r$$$F8+$h!%$^$?!$%d%3%SK!!$%j

%A%c!<%I%=%sK!!$SORK!$G%W%m%0%i%`$r:n@.$7!$<B9T;~4V$N:9$r3NG'$;$h!%

1"2rK! 3.7

$5$F!$$3$l$^$G$K@bL@$7$?J}K!$GG.EAF3LdBj$O40`z$K$J$C$?$H;W$$$^$9!%$H$3$m$GHsDj

>o2r@O$r9T$&>l9g$KM[2rK!$rMQ$$$k$H!$3J;RE@$,A}2C$9$k$H;~4V9o$_$,Hs>o$K>.$5$/$J

$j!$7W;;2s?t$,BgI}$KA}2C$7$^$9!%$=$l$KBP$7!$1"2rK!!Jimplicit method !K$rMQ$$$k$H

;~4V9o$_$,Bg$-$/$H$l$^$9!%$$$^!$0l<!85HsDj>oG.EAF3$r9M$($^$9!%6u4VHyJ,9`$rn + 1

;~$GI>2A$9$k$H!$:9J,J}Dx<0$O0J2<$N$h$&$K$J$j$^$9!%

Tn +1
i ¡ Tn

i
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$3$l$Gk 2sL\$Hk + 1 2sL\$N:9$,<}B+>r7o$h$j>.$5$/$J$C$?$i!$$=$l$, n + 1 %9%F%C%W$N

29EY$H$J$j$^$9!%T (k+1)
i $O(3.58) <0$G7W;;$7$^$9!%;~4VE:;z$HH?I|2s?t$NE:;z$K==J,Cm

0U$7$F2<$5$$!%Fs<!85!$;0<!85$N>l9g$bF1MM$K2r@O$G$-$^$9!%Dj>o2r@O$H0[$J$j!$<}B+$7

$?;~E@$Gn + 1 ;~9o$N29EY$,5a$^$k$3$H$KCm0U$7$F2<$5$$!%$3$NItJ,$r%W%m%0%i%`$GI=$9

$H!$0J2<$N$h$&$K=q$/$3$H$,$G$-$^$9!%

2?EY$bCm0U$7$^$9$,!$0J2<$N%W%m%0%i%`Cf$N500 $NDO%k!<%W$NH?I|$O!$SOR K!$NH?

I|$G$"$j!$$3$l$,=*N;$7$F=i$a$F n + 1 ;~9o$N29EY$,5a$^$k$o$1$G$9!%M[2rK!$G$O0l2s$@

$1FbIt$NE@$N7W;;$r$9$l$Pn + 1 ;~9o$N29EY$,5a$^$C$?$N$KBP$7!$1"2rK!$G$O2?2s$bH?I|

7W;;$r9T$C$F<!$N;~9o$N29EY$,5a$^$k$N$G$9!%

DO 100 I=2,NXM1
C

100 TO(I)=T(I)
C
C *** COEFFICIENT FOR SOR METHOD***
C

COEF=1.D0+2.D0 * DT/DX** 2
C
C ***** SOR ITERATION LOOP*****
C

DO 500 LOOP=1,ITER
C

ERR=0.D0
C

DO 110 I=2,NXM1
C

DIFF=(T(I+1)+T(I-1))/DX ** 2
C

DU=(TO(I)+DT * DIFF)/COFF-T(I)
C

ERR=ERR+DU* DU
C

T(I)=T(I)+OMEGA * DU
C

110 CONTINUE
C

CALL BOUND
C

ERR=DSQRT(ERR/DFLOAT(NX-2))
IF(ERR.LT.EPS2) GOTO 99

C
500 CONTINUE

C
99 CONTINUE

C
C

RETURN
END

$5$F!$1"2rK!$N>l9g$OM[2rK!$N$h$&$K;~4V$N@)8B$,$"$k$N$G$7$g$&$+? $=$l$rD4$Y$k$?
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$a$K!$M[2rK!$N;~$HF1MM$K%U%)%s!&%N%$%^%s$N0BDj2r@O$r9T$$$^$9!%ESCf>JN,$7$^$9$,!$

M[2rK!$HF1MM$KGH$rBeF~$9$k$HA}I}N($O0J2<$N$h$&$KI=$5$l$^$9!J3F<+3N$+$a$k$3$H!K!%

g =
1

1 + 4
¢ t

¢ x2 sin2
µ

»¢ x
2

¶ (3.59)

>e<0$NJ,Jl$O7h$7$F1 $h$j>.$5$/$J$i$J$$$N$G!$;~4V4V3V$H6u4V4V3V$N4V$,$I$N$h$&$J4X

78$G$"$m$&$H0BDj$7$F$$$k$3$H$r<($7$F$$$^$9!%$9$J$o$A!%1"2rK!$OL5>r7o0BDj$J2rK!$J

$N$G$9!%$7$?$,$C$F!$1"2rK!$OM[2rK!$KHf$YHs>o$KBg$-$J;~4V4V3V$r<h$k$3$H$,$G$-$^$9

!J@~7AJ}Dx<0$K8B$k!K!%

!! LdBj 3.8 !! HsDj>oLdBj$N1"2rK!$K$D$$$F!$SOR K!$G2r@O$9$k%W%m%0%i%`$r0l<!85»

Fs<!85$K$D$$$F:n@.$;$h!%



55

4
Hs05=LG4@-N.$l$N;YG[J}Dx<0

Governing equation for incompressible viscous �ow

$O$8$a$K 4.1

$3$3$^$G$NJY6/$G4pK\E*$J:9J,K!$H$$$&$b$N$,J,$+$C$?$H;W$$$^$9!%$3$3$+$i$O<B:]$K

N.$l$r?tCME*$K2r$/?tCMN.BNNO3X!JComputational Fluid Dynamics !$CFD !K$KF~$C$F$$

$-$^$9!%A0>O$^$G$KBP>]$H$7$?J*M}8=>]$O!$G.EAF3$r07$$$^$7$?!%$3$l$O!$$3$NLdBj$,07

$$$d$9$$$3$H$H!$>r7o$K$h$C$F$O87L)2r$,F@$i$l$k$H$$$&$3$H$G@:EY$r3NG'$9$k$N$KET9g

$,NI$$$?$a$G$7$?!%$3$3$+$i$O!$<B:]$KN.$l$r2r@O$9$k$?$a$N<j=g$K<h$j$+$+$k$3$H$K$7

$^$9!%$=$N$?$a$K$O!$N.$l$rI=$9J}Dx<0$,J,$+$C$F$*$/I,MW$,$"$j$^$9!%$3$3$G$O!$Hs05

=LN.$l$N;YG[J}Dx<0$K$D$$$F@bL@$r9T$$$^$9!%
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%Y%/%H%k$H%F%s%=%k4.2

N.BNNO3X$K$O%Y%/%H%k1i;;$,B?$/EP>l$7$^$9!%$J$<$J$i!$N.$l$K$OJ}8~$HBg$-$5$,$"$k

$+$i$G$9!%$3$l$i$N5-9f$K$O8+47$l$J$$$b$N$,B?$$$?$a!$Fq$7$$$b$N$@$H;W$$$,$A$G$9!%

$7$+$7!$7h$7$FFq$7$$$b$N$G$O$J$/!$9b9;@8DxEY$NCN<1$H:,@-$,$"$l$P4JC1$K9nI~$G$-$^

$9!%:9J,K!$K$h$kN.$l2r@O$NA0$K!$%Y%/%H%k$K$D$$$F!$4JC1$KI|=,$7$F$*$-$^$7$g$&!%

$o$l$o$l$,7W;;$7$h$&$H$9$k6u4V$dJ?LL$r>l$H8F$S$^$9!%$=$l$i$N>l$K$O%Y%/%H%k>l$H

%9%+%i!<>l$,$"$j$^$9!%$$$^;0<!856u4V$r9M$($?>l9g!$6u4VFb$NG$0U$NE@P(x; y; z) $K%Y

%/%H%kA $,B8:_$9$k$H$-!$$3$N6u4V$r%Y%/%H%k>l$H8F$S$^$9!%$^$?!$3FE@$K?tCM$,$/$C$D

$$$F$$$k$H$-!$$3$N6u4V$r%9%+%i!<>l$H8F$S$^$9!%$7$?$,$C$F!$6u4VFb$K4X?tf (x; y; z)

$,M?$($i$l$F$$$k$H$-$O%9%+%i!<>l$H$J$j$^$9!%$$$^!$4X?t$,HyJ,2DG=$G$"$k$H$7$^$9!%

$9$J$o$A@f
@x!$

@f
@y!$

@f
@z $,B8:_$9$k$H$$$&$3$H$G$9!J@f

@x $H=q$/$HLLE]$J$N$Gf x $H=q$/$3

$H$K$7$^$9!K!%f x !$ f y !$ f z $O3FJ}8~$NJQ2=N(!$$9$J$o$A8{G[$G$9!%$3$l$r%Y%/%H%k1i;;;R

$G=q$/$Hgradf $H=q$-$^$9!J%0%i%G%#%(%s%H$H8F$S$^$9!K!%gradf = ( f x ; f y ; f z ) $G$9$+

$i%Y%/%H%k>l$H$J$j$^$9!Jgradient $r<-=q$GD4$Y$F$_$k$H$h$$$G$7$g$&!K!%

%Y%/%H%k$H$$$&$H!$EvA3Fb@Q$H30@Q$,F,$KIb$+$S$^$9!%$$$^!$a = ( a1; a2; a3)!$

b = ( b1; b2; b3) $H$9$k$H!$Fb@Q$O<!$N$h$&$KI=$5$l$^$9!%

a ¢b = a1b1 + a2b2 + a3b3 (4.1)

$^$?a ¢b = jajjbj cosµ $G5-21$5$l$F$$$kJ}$bB?$$$3$H$G$7$g$&!%$3$N$3$H$+$i!$Fb@Q$,

0 $H$$$&$3$H$OFs$D$N%Y%/%H%k$,D>8r$7$F$$$k$3$H$rI=$9$3$H$K$J$j$^$9!%

$3$l$KBP$7!$30@Q$O<!$N$h$&$KI=$5$l$^$9!%

a £ b =

0

@
a2b3 ¡ a3b2

a3b1 ¡ a1b3

a1b2 ¡ a2b1

1

A (4.2)

0lHLE*$K$O4pDl%Y%/%H%k$rMQ$$$F!$<!$N$h$&$K=q$+$l$^$9!%

a £ b =

¯
¯
¯
¯
¯
¯

e1 e2 e3

a1 a2 a3

b1 b2 b3

¯
¯
¯
¯
¯
¯

(4.3)

$3$l$OFb@Q$HF1MM$K!$;03Q4X?t$rMQ$$$F0J2<$N$h$&$KI=$5$l$^$9!%

ja £ bj = jajjbj sinµ (4.4)
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$7$?$,$C$F!$30@Q$,0 $H$$$&$3$H$OFs$D$N%Y%/%H%k$,J?9T$G$"$k$3$H$rI=$7$F$$$^$9$7!$

0UL#$r$h$/9M$($k$H!$30@Q$OFs$D$N%Y%/%H%k$GI=$5$l$kJ?9T;MJU7A$NLL@Q$rI=$9$3$H$K$J

$j$^$9!J?^$r=q$$$F$_$F9M$($F$_$F2<$5$$!K!%

!! LdBj 4.1 !! (a £ b) £ c = ( a ¢c)b ¡ (b ¢c)a $r>ZL@$;$h!%

%Y%/%H%k1i;;;R$K$O$[$+$Kdiv !$ rot $r$h$/;H$$$^$9!%A = ( a; b; c) $H$9$k$H%Y%/%H%k$N

H/;6!J%@%$%P!<%8%'%s%H!K$O

div A =
@a
@x

+
@b
@y

+
@c
@z

(4.5)

$^$?!$%Y%/%H%k$N2sE>!J%m!<%F!<%7%g%s!K$O

rot A =
µ

@c
@y

¡
@b
@z

;
@a
@z

¡
@c
@x

;
@b
@x

¡
@a
@y

¶
(4.6)

$HI=$5$l$^$9!%N.BNNO3X$G$O!$<!$N4X78$r$h$/;H$$$^$9$N$G3P$($F$*$$$F2<$5$$!J>ZL@$O

4JC1$J$N$G!$3F<+3NG'$7$F2<$5$$!K!%

rot grad f = 0 ; div grad f = f xx + f yy + f zz (4.7)

>e<0$N1&JU$N1i;;$O¢ f $HI=$9$3$H$b$"$j$^$9!%$3$N1i;;;R$O%i%W%i%7%"%s$H8F$P$l$^

$9!%$5$i$K!$0J2<$N8x<0$r3P$($F$*$/$HJXMx$G$9!%

grad (fg ) = ggradf + f gradg (4.8)

div ( f A ) = grad f ¢A + f div A (4.9)

rot ( f A ) = grad f £ A + f rot A (4.10)

div (A £ B ) = rot A ¢B ¡ A rot B (4.11)

$3$N$[$+$K!$%d%3%S$N4X?t9TNs$r$h$/MQ$$$^$9!%$$$^4X?tf (x; y)!$ g(x; y) $,$"$k$H$-

J =

¯
¯
¯
¯

f x f y

gx gy

¯
¯
¯
¯ = f x gy ¡ f y gx (4.12)

$r Jacobian$H$$$$$^$9!%>e<0$O<!$N$h$&$JI=8=$GI=$9$3$H$,B?$$$G$9!%

J =
@(f; g )
@(x; y)

(4.13)
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$5$F!$%Y%/%H%k$r4pDl%Y%/%H%k$GI=$9$H!$0J2<$N$h$&$KI=$5$l$^$9!%

a = a1e1 + a2e2 + a3e3 =
3X

i =1

ai ei = ai ei (4.14)

>e$N$h$&$K!$AmOB5-9f$N
P

$r=q$+$J$$$GI=<($7$^$9!%$3$l$r%"%$%s%7%e%?%$%s$NAmOB5,

Ls$H$$$$$^$9!%$$$^!$Fs$D$N%Y%/%H%ky $Hx $,$"$k;~!$ y = Tx $H$J$k$h$&$JT $rFs3,

$N%F%s%=%k!Jtensor!K$H8F$S$^$9!%;0<!856u4V$N>l9g!$%Y%/%H%k$O;0@.J,$r;}$A$^$9$N$G

T $O3 £ 3 $N9TNs$HF1$8@.J,$r;}$D$3$H$K$J$j$^$9!%0lHLE*$K$OE:;z$rMQ$$yi = Ti; j x j

$H$$$&I=5-$rMQ$$$^$9!%

!! LdBj 4.2 !! f = ( x2y2; yz3; z3x) $GM?$($i$l$k$H$-!$gradf !$ div f $r5a$a$h!%

!! LdBj 4.3 !! f = ( yz; z2x2; x3y3) $N>l9g$Nrot f $r5a$a$h!%

!! LdBj 4.4 !! f = ( x2 + y2 + z2)
1
2 $N>l9g$Nr 2f $r5a$a$h!%

;YG[J}Dx<0 4.3

$$$^Fs<!85$NLdBj$r9M$($^$9!%BP>]$H$9$kN.BN$r%K%e!<%H%sN.BN$G$"$k$H$9$k$H!$;YG[

J}Dx<0$O0J2<$K<($9%J%S%(!&%9%H!<%/%9J}Dx<0$HO"B3$N<0$GI=$5$l$^$9!%

@u
@t

+ u
@u
@x

+ v
@u
@y

= ¡
1
½

@p
@x

+ º
µ

@2u
@x2

+
@2u
@y2

¶
(4.15)

@v
@t

+ u
@v
@x

+ v
@v
@y

= ¡
1
½

@p
@y

+ º
µ

@2v
@x2

+
@2v
@y2

¶
(4.16)

@u
@x

+
@v
@y

= 0 (4.17)

(4.15)!$ (4.16) <0$O1?F0J}Dx<0$G$"$j!$%K%e!<%H%s$NBhFsK!B'$+$iF@$i$l$?$b$N$G$9!%$^

$? (4.17) <0$O<ANLJ]B8$NK!B'$rI=$7$F$$$^$9!J3F<+!$N.BNNO3X$N652J=q$G3NG'!$I|=,$7$F

2<$5$$!K!%$5$F!$>e<0$OM-<!857?<0$GI=$5$l$F$$$k$?$a!$Aj;wK!B'$,MxMQ$G$-$^$;$s!JM-

<!85$H$OB.EY$d05NO$J$I$NJ*M}NL$,C10L$r;}$C$F$$$k$3$H$G$9!K!%$=$3$GAj;wK!B'$,MxMQ

$G$-$k$h$&$K<!<0$rMQ$$$FL5<!852=$7$^$9!%

x¤ =
x
L

; y¤ =
y
L

; u¤ =
u

U1
; v¤ =

v
U1

; t¤ =
U1 t

L
; p¤ =

p
½U2

1
(4.18)
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>e<0$N4X78$rMQ$$$F;YG[J}Dx<0$rL5<!852=$7$^$9!%$?$H$($P

@u
@x

=
@u
@x¤

@x¤

@x
*

@x¤

@x
=

1
L

(4.19)

$N$h$&$K9T$$$^$9!%$=$&$9$k$H%J%S%(!&%9%H!<%/%9J}Dx<0$HO"B3$N<0$O0J2<$N$h$&$KJQ49

$5$l$^$9!%

@u¤

@t¤
+ u¤ @u¤

@x¤
+ v¤ @u¤

@y¤
= ¡

@p¤

@x¤
+

1
Re

µ
@2u¤

@x¤2 +
@2u¤

@y¤2

¶
(4.20)

@v¤

@t¤
+ u¤ @v¤

@x¤
+ v¤ @v¤

@y¤
= ¡

@p¤

@y¤
+

1
Re

µ
@2v¤

@x¤2 +
@2v¤

@y¤2

¶
(4.21)

@u¤

@x¤
+

@v¤

@y¤
= 0 (4.22)

>e<0$K$*$$$FRe $O%l%$%N%k%:?t$G$9!%0J2<!$%"%9%?%j%9%/$r$H$C$FI=8=$9$k$3$H$K$7$^

$9!%(4.20)!$ (4.21) <0$r%Y%/%H%k7A<0$GI=$9$H<!<0$N$h$&$K$J$j$^$9!%

@u
@t

i +
@v
@t

j +
µ

u
@u
@x

v +
@u
@y

¶
i +

µ
u

@v
@x

+ v
@v
@y

¶
j

= ¡
@p
@x

i ¡
@p
@y

j +
1

Re

µ
@2u
@x2

+
@2u
@y2

¶
i +

1
Re

µ
@2v
@x2

+
@2v
@y2

¶
j

(4.23)

%Y%/%H%k1i;;;R$rMQ$$$FI=8=$9$k$H

@u
@x

+
@v
@y

= div U (4.24)

@p
@x

i +
@p
@y

j = grad p (4.25)

@2

@x2
+

@2

@y2
= r 2 (4.26)

µ
u

@u
@x

+ v
@u
@y

¶
i +

µ
u

@v
@x

+ v
@v
@y

¶
j = U ¢

·µ
@u
@x

+
@u
@y

¶
i +

µ
@v
@x

+
@v
@y

¶
j
¸

= ( U ¢ r ) U

(4.27)

7k6I!$<!$N$h$&$KI=$5$l$^$9!%

@U
@t

+ ( U ¢ r ) U = ¡r p +
1

Re
r 2U or

@U
@t

+ ( U ¢grad) U = ¡ gradp +
1

Re
r 2U

(4.28)
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div U = 0 (4.29)

$3$3$GU $OB.EY%Y%/%H%kU = ui + vj $G$9!%$3$l$i$N<0$NL$CN?t$ON.B.Fs@.J,$H05NO$N

;08D$G$9!%$3$l$O%F%s%=%k$rMQ$$$FI=$9$H0J2<$N$h$&$KI=$5$l$^$9!%

@ui
@t

+ uj
@ui
@xi

= ¡
@p
@xi

+
1

Re
@

@xi

@ui
@xi

= 0 (4.30)

Fs<!85$N2r@O$G$O$3$N$^$^2r$+$:$K12EY$HN.$l4X?t$rL$CN?t$H$7$F2r@O$9$kJ}K!$,$h$/MQ

$$$i$l$^$9!%$3$3$G$O$=$N<jK!$rMQ$$$k$3$H$H$7$^$9!J$J$<$+$H$$$&$H!$Hs05=LN.$l$N2r

@O$G$O05NO$r2r@O$9$k$N$,BgJQ$J$N$G$9!%$=$3$G$3$l$rHr$1$k$?$a05NO$r>C5n$7$?<0$rMQ

$$$k$3$H$,B?$$$N$G$9!K!%

$$$^!$N.$l4X?t$r Ã $H$9$k$H!J%W%5%$$H8F$S$^$9!K

u =
@Ã
@y

; v = ¡
@Ã
@x

(4.31)

>e<0$rO"B3$N<0$KBeF~$9$k$H

@u
@x

+
@v
@y

=
@2Ã
@x@y

¡
@2Ã
@x@y

= 0 (4.32)

$H$J$j!$O"B3$N<0$rK~B-$9$k$3$H$,J,$+$j$^$9!%$^$?12EY$O

³ = rot U (4.33)

$GDj5A$5$l$^$9!J%D%'!<%?!<$"$k$$$O%8!<%?!<$H8F$S$^$9!K!%12EY$O1&2s$j$H:82s$j$NDj

5A$N;EJ}$GId9f$,JQ$o$k$N$GCm0U$7$F2<$5$$!%$7$?$,$C$F%Y%/%H%k$N8x<0$h$j!$

div ³ = div(rot U) = 0 (4.34)

$H$J$j$^$9!%$5$F(4.28) <0$N2sE>$r$H$k$H

rot
µ

@u
@t

¶
+ rot [( U ¢grad)U] = ¡ rot(grad p) +

1
Re

rot(¢ U) (4.35)

>e<0$N:8JUBh2 9`$O$A$g$C$H$7$?7W;;$r$9$k$H!$0J2<$N$h$&$KJQ7A$5$l$^$9!J$3$N7W;;$,

=PMh$l$P$"$J$?$bN)GI$JBg3X@8$H$$$($^$9!K!%

rot[( U ¢grad)U] = ( U ¢grad)(rot U) ¡ [(rot U) ¢grad]U

= ( U ¢grad)³ ¡ (³ ¢grad)U
(4.36)

$7$?$,$C$F%J%S%(!&%9%H!<%/%9J}Dx<0$O0J2<$N$h$&$KJQ7A$5$l$^$9!%

@³
@t

+ ( U ¢grad)³ = ( ³ ¢grad)U +
1

Re
¢ ³ (4.37)
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>e<0$O12EYM"AwJ}Dx<0$H$h$P$l$k$b$N$G!$Fs<!85$N7W;;$G$O$h$/MQ$$$i$l$k$b$N$G$9!%Fs

<!85$N>l9g$O0J2<$N$h$&$K4JC1$J7A$H$J$j$^$9!%

@³
@t

+ ( U ¢grad)³ =
1

Re
¢ ³ (4.38)

(4.38) <0$K$*$$$F:8JUBh1 9`$O;~4V9`!$Bh2 9`$OBPN.9`!$1&JU$,G4@-9`$H8F$P$l$^$9!%

$^$? (4.31) <0$r (4.33) <0$KBeF~$9$k$H!$<!$N$h$&$JN.$l4X?t$N%]%"%=%sJ}Dx<0$,F@$i$l

$^$9!%

@2Ã
@x2

+
@2Ã
@y2

= ¡ ³ (4.39)

$5$F!$(4.38) <0$H(4.39) <0$r:9J,2r@O$9$k$3$H$GFs<!85$NG4@-N.$l$r5a$a$k$3$H$,$G$-

$^$9!%(4.38) <0$OFs<!85HsDj>oG.EAF3$r;29M$K$9$l$PMF0W$K%W%m%0%i%`$,$G$-!$(4.39) <0

$OFs<!85Dj>oG.EAF3$r;29M$K$9$l$P$$$$$N$G$9!%$=$7$F6qBNE*$J2r@OJ}K!$O!$$I$A$i$G$b

$h$$$N$G$9$,!$$^$:N.$l4X?t$K$D$$$F2r$-$^$9!%$=$7$F$=$l$+$iN.B.$r7W;;$7!$12EYM"Aw

J}Dx<0$r2r@O$7$^$9!%0J2<!$$3$l$r7+$jJV$7$F$$$/$3$H$GHsDj>o$JN.$l$,2r@O$G$-$^$9!%

$5$F!$(4.38) <0$O0lHL$K%d%3%S$N4X?t9TNs$rMQ$$$F0J2<$N$h$&$KI=$5$l$k$3$H$,B?$$$h

$&$G$9!J$3$&=q$/$HFq$7$/8+$($k$N$G$+$C$3$h$/8+$;$k$?$a$K$3$N$h$&$K=q$/$3$H$,B?$$

$N$G$9!K!%

@³
@t

¡
@(Ã; ³ )
@(x; y)

=
1

Re
r 2³ (4.40)

>e<0$rE83+$9$k$H

@³
@t

+
@Ã
@y

@³
@x

¡
@Ã
@x

@³
@y

=
1

Re

µ
@2³
@x2

+
@2³
@y2

¶
(4.41)

0J>e$K<($7$?N.$l4X?t$N%]%"%=%sJ}Dx<0$H12EYM"AwJ}Dx<0$,;YG[J}Dx<0$H$J$j$^$9!%
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F %3!<%R!<%V%l%$%/

¶ %"%s%j!&%J%S%( !JClaude Louis Marie Henri Navier, 1785 » 1836!K ³

!! 19@$5*$N=iF,$O!$1760G/$4$m$+$i%$%.%j%9$K$*$3$C$?;:6H3WL?!$5!3#J8L@$NGH$,

%h!<%m%C%Q$K$b$*$h$S$O$8$a!$$=$l$K$H$b$J$$9)6H$KLrN)$D2J3X$,MWK>$5$l$?;~Be$G

$"$j!$$^$?%U%i%s%9$G$O%J%]%l%*%s$K$h$k%h!<%m%C%Q$N@,I~$H!$$=$N<:5S$N;~Be$G$b

$"$j$^$7$?!%

!!$3$N;~Be%J%]%l%*%s$N3X<T9%$_$rH?1G$7$F$+!$%U%i%s%9$K$OLaplace!$ Lagrange!$

Fourier!$Cauchy $H$$$C$?Bg?t3X<TC#$,3hLv$7$F$$$^$7$?!%$^$?Ev;~!$K\3JE*Bg5,LO

9=B$J*$H$7$F$N$D$j66$NM}O@$,$h$&$d$/BG$AN)$F$i$l$h$&$H$7$F$$$^$7$?!%:#F|!$G4

@-N.BN$NNO3XJ}Dx<0$NAO;O<T$N0l?M$H$7$F:G=i$KL>$rO"$M$kNavier!J 1785» 1836!K

!J%J%S%(!K$O$3$&$7$?;~Be$N0lN.$NEZLZ66NB5;=Q<T$G$7$?!%

!!$H$3$m$,!$Navier $,$;$C$+$/7z@_$7$?$4<+K}$N66$,9??e$N$?$a$K665S$r$9$/$o$l!$

N.=P$7$F$7$^$C$?$3$H$,$"$j$^$7$?!%$3$N$3$H$,7@5!$H$J$C$FNavier $OG4@-$r9MN8

$7$?N.BN$NNO3X$N8&5f$r9T$$!$O@J8$r%U%i%s%93X;N1!$KDs=P$7$^$7$?!J1822!K!%$7$+

$7!$IT9,$J$3$H$K$3$NO@J8$O@$$KCN$i$l$k$3$H$J$/:P7n$,N.$l!$1845G/$K%$%.%j%9

$NJ*M}!&1~MQ?t3X<T$G$"$kStokes$K$h$jG4@-N.BN$N1?F0J}Dx<0$,%J%S%($HFHN)$KF3

$+$l!$$3$N;~0JMhG4@-N.BN$NNO3X$NNr;K$,;O$^$C$?$N$G$7$?!%$7$+$7!$$3$NJ}Dx<0

!J%J%S%(!&%9%H!<%/%9J}Dx<0!K$N2r$O6K$a$F8B$i$l$?>r7o$N$b$H$G$7$+5a$a$i$l$:!$

<B:]>e$NLdBj$N2r7h$K$O$5$[$I9W8%$O$7$^$;$s$G$7$?!%%J%S%(!&%9%H!<%/%9$N2r$,4J

C1$KF@$i$l$J$$$N$O!$$3$NJ}Dx<0$NHs@~7A@-$N$?$a$G!$$3$l$OC1$J$k?t3X>e$N%F%/

%K%C%/$@$1$G$O2r7h$G$-$J$$$b$N$G$"$j!$N.BN8=>]$KBP$9$kJ*M}E*9M;!$r$b$H$K$7$F



4.3 ;YG[J}Dx<0 63

=i$a$F2DG=$H$J$j$^$7$?!%$=$l$K$O20@$5*=iF,!J1904!K$NPrandtl $N=P8=$rBT$?$J

$1$l$P$J$j$^$;$s$G$7$?!%H`$O6-3&AX$H$$$&35G0$r;}$A9~$_!$N.$l$rJ*BNI=LL$NGv$$

G4@-$N:nMQ$N6/$$NN0h$H!$$=$l0J30$N40A4N.BN$NNN0h$H$KJ,$1$FLdBj$r8+;v$K2r7h$7

$^$7$?!%$3$l$O1903G/$N%i%$%H7;Do$N?MN`=iHt9T$NMbG/$G$"$j!$$3$l0J8e!$9R6u5!

$NH/C#$H$H$b$K6-3&AXM}O@$rCf?4$H$9$k2Z!9$7$$N.BNNO3X$NH/E8$N;~Be$KF~$C$F$$

$-$^$9!%
µ ´
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5
Hs05=LG4@-N.$l$N2r@O

Analysis of incompressible viscous �ow

$O$8$a$K 5.1

N.$l$r7W;;$K$h$C$F5a$a$k;n$_$O!$1910G/$N%j%A%c!<%I%=%s$K$h$k$b$N$,:G=i$G$9!%

H`$O1_7A$N%3%m%7%"%`$K64,000?M$r=8$a!$0l?M0l?M$r:9J,3J;RE@$H$7$F$=$l$>$l7W;;$r

9T$o$;$k$3$H$G!$E75$M=Js$,2DG=$G$"$k$H9M$($^$7$?!%$3$N$H$-$N7W;;$OHsDj>oG.EAF3$N

2r@O$G$7$?$,!$;n7W;;$K$*$$$F!$7k2L$O;DG0$J$,$iH/;6$7!$H`$N7W2h$O<B8=$7$^$;$s$G$7

$?!%0JMh!$?tB?$/$N?t3X<TC#$,;n$_$^$7$?$,NI$$7k2L$O$J$+$J$+8=$l$^$;$s$G$7$?!%?.Mj

@-$N9b$$2r@O$O!$1953G/$N@n8}$K$h$k1_Cl<~$j$NN.$l$r2r@O$7$?$b$N$,:G=i$G$7$?!%H`

$O%l%$%N%k%:?t40 $NN.$l$r 21£ 11 $N3J;RE@$G7W;;$r9T$$<B83CM$HNI$/0lCW$9$k2r@O7k

2L$r=P$7$F$$$^$9!%$?$@$7!$$3$N7W;;$O<j2s$77W;;5!$r;HMQ$7!$=5$K20 ;~4V$N7W;;$r1

G/H>$N:P7n$r$+$1$FF@$i$l$?$b$N$G$7$?!%$=$N8e!$EE;R7W;;5!$,H/C#$7!$1966G/$K$O%U

%m%`$i$K$h$C$FJ*BN8eN.$K$G$-$k%+%k%^%s12$,7W;;5!$K$h$C$F=i$a$FB*$($i$l$^$7$?!%8=

:_$G$O%3%s%T%e!<%?$bH/C#$7!$%N!<%H%Q%=%3%s$G$5$(!$?tG/A0$N%9!<%Q!<%3%s%T%e!<%?JB
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$NG=NO$r;}$C$F$*$j!$B?$/$N8&5f$,$J$5$l$F$$$^$9!%$_$J$5$s$bAa$/N.$l$N7W;;$,$G$-$k

$h$&$K$J$k$h$&$K4hD%$C$F2<$5$$!%

M[2rK!$K$h$kN%;62= 5.2

$5$F!$A0@a$G<($5$l$?;YG[J}Dx<0$r:9J,K!$G2r@O$9$k$?$a$K(4.39) <0$H(4.41) <0$r

:9J,J}Dx<0$K=q$-D>$7$^$9!%$^$:!$N.$l4X?t$N%]%"%=%sJ}Dx<0$O0J2<$N$h$&$KJQ49$5$l

$^$9!%

Ãi +1 ; j ¡ 2Ãi; j + Ãi ¡ 1; j

¢ x2 +
Ãi; j +1 ¡ 2Ãi; j + Ãi; j ¡ 1

¢ y2 = ³ i; j (5.1)

$3$N<0$ODj>oG.EAF3$N$H$-$HF1$8$h$&$K$7$F2r$-$^$9!%Ãi; j $K$D$$$F$^$H$a$k$H0J2<$N

$h$&$K$J$j$^$9!%

Ãi; j =

µ
Ãi +1 ; j + Ãi ¡ 1; j

¢ x2 +
Ãi; j +1 + Ãi; j ¡ 1

¢ y2 + ³ i; j

¶

µ
2

¢ x2 +
2

¢ y2

¶ (5.2)

SOR K!$G2r$/$H

Ãk+1
i; j = Ãk

i; j + !
³

Ã(k+1)
i; j ¡ Ãk

i; j

´
!J Ã(k+1)

i; j $O<0(5.2) $G7W;;!K (5.3)

>e<0$r<}B+$9$k$^$G7W;;$7$^$9!%<}B+H=Dj$O!$IaDLN.$l4X?t$NJ?6Q<+>h;D:9$,10¡ 3 »

10¡ 8 $NCM$r;XDj$7$^$9!%%-%c%S%F%#!<%U%m!<$NLdBj$G$O$"$^$jH?I|$O$"$j$^$;$s$N$G!$

$+$J$jH?I|$9$k$H$-$O%W%m%0%i%`$r%A%'%C%/$7$?$[$&$,NI$$$G$7$g$&!%

$D$.$K12EYM"AwJ}Dx<0$rN%;62=$9$k$H

³ n +1
i; j ¡ ³ n

i; j

¢ t
+

Ãn
i; j +1 ¡ Ãn

i; j ¡ 1

2¢ y

³ n
i +1 ; j ¡ ³ n

i ¡ 1; j

2¢ x
¡

Ãn
i +1 ; j ¡ Ãn

i ¡ 1; j

2¢ x

³ n
i; j +1 ¡ ³ n

i; j ¡ 1

2¢ y

=
1

Re

µ
³ n

i +1 ; j ¡ 2³ n
i; j + ³ n

i ¡ 1; j

¢ x2 +
³ n

i; j +1 ¡ 2³ n
i; j + ³ n

i; j ¡ 1

¢ y2

¶

(5.4)

JQ7A$9$k$H

³ n +1
i; j = ³ n

i; j ¡ ¢ t
·
CU

µ
³ n

i +1 ; j ¡ ³ n
i ¡ 1; j

2¢ x

¶
¡ CV

µ
³ n

i; j +1 ¡ ³ n
i; j ¡ 1

2¢ y

¶¸

+
¢ t
Re

µ
³ n

i +1 ; j ¡ 2³ n
i; j + ³ n

i ¡ 1; j

¢ x2 +
³ n

i; j +1 ¡ 2³ n
i; j + ³ n

i; j ¡ 1

¢ y2

¶ (5.5)
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Fig. 5.1 Cavity °ow

$?$@$7

CU =
Ãn

i; j +1 ¡ Ãn
i; j ¡ 1

2¢ y
; CV =

Ãn
i +1 ; j ¡ Ãn

i ¡ 1; j

2¢ x
(5.6)

(5.5) $G?7$7$$³ $,5a$^$j$^$9!%$5$F!$$3$l$GFs<!85$NHsDj>o$JG4@-N.$l$,2r@O$G$-$k$N

$G<B:]$KLdBj$r2r$$$F$_$k$3$H$K$7$^$7$g$&!%7W;;$r9T$&$N$OI8=`LdBj$H$J$C$F$$$kFs<!

85@5J}6uF6N.$l!J%-%c%S%F%#!<%U%m!<!K$G$9!%$3$NLdBj$OB?$/$N8&5f<T$K$h$C$F2r@O$5$l

$F$*$j!$$$$m$$$m$J%l%$%N%k%:?t$KBP$7$F7k2L$,F@$i$l$F$$$^$9!%$7$?$,$C$F!$:n@.$7$?

%W%m%0%i%`$,@5$7$$$+$I$&$+$N%A%'%C%/$KMQ$$$k$HJXMx$G$9!%$5$i$K%l%$%N%k%:?t$,JQ2=

$7$?$H$-$NN.$l$N>uBV$h$j!$%l%$%N%k%:?t$N0UL#$rM}2r$9$k$N$KLrN)$A$^$9!J%l%$%N%k%:

?t$O47@-NO$HG4@-NO$NHf$G$9!K!%

$3$NLdBj$O!$;MJ}$,JI$K0O$^$l$?@5J}7A$N6uF6$NCf$K?e$,K~$?$5$l$F$$$k$H$-$N!$>eIt

$NJI$@$1$,%Y%k%H%3%s%Y%"$GF0$$$F$$$k>l9g!$Cf$N?e$,$I$N$h$&$JN.$l$r@8$8$k$+$H$$$&

LdBj$G$9!%$3$NLdBj$r2r$/$K$"$?$C$F!$N.$l4X?t$H12EY$N6-3&>r7o$r7hDj$7$J$1$l$P$J

$j$^$;$s!%N.$l4X?t$N6-3&>r7o$O!$N.BN$NN.F~N.=P$,$J$$$N$G$9$Y$F$NJILL$G0 $rM?$(

$^$9!%

$D$.$K12EY$N6-3&>r7o$K$D$$$F9M$($^$9!%$^$:JI$,B.EYU $GF0$$$F$$$k>l9g$OE:;zw

$rJILL$H$7$F

U =
@Ã
@y

=
Ãw+1 ¡ Ãw¡ 1

2¢ y
) Ãw¡ 1 = 2Ãw+1 ¡ 2U¢ y (5.7)

$3$NJILL$G$O!$V $, 0 $G$"$k$N$G!$JILL>e$G$ON.$l4X?t$N%]%"%=%sJ}Dx<0$O

¡ ³1 =
Ãw¡ 1 + Ãw+1

¢ y2 =
2Ãw¡ 1 + 2U¢ y

¢ y2 (5.8)
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(5.8) $K(5.7) $rBeF~$9$k$H<!<0$,F@$i$l$^$9!%

³w = ¡
2Ãw¡ 1 + 2 U¢ y

¢ y2 (5.9)

F0$$$F$$$J$$JILL$G$O>e<0Cf$NB.EY$r0 $H$9$l$P$h$$$N$G$9!%7W;;$N<j=g$r0J2<$K<($7

$^$9!%

(1) 7W;;$KI,MW$JDj?t$N@_Dj

(2) G[Ns$N=i4|2=

(3) N.$l4X?t$N6-3&>r7o$r@_Dj

(4) (5.3) $GN.$l4X?t$r7W;;

(5) 12EY$N6-3&>r7o$r7W;;

(6) (5.4) $G?7$7$$12EY$r7W;;

(7) Dj>o>uBV$NH=CG

(8) 7k2L$N=PNO

$"$H$OI,MW$J;~4V$K$J$k$^$G3 » 7 $r7+$jJV$;$P$h$$$N$G$9!%0J2<$K12EY$HN.$l4X?t$r

MQ$$$?N.$l4X?t$N%W%m%0%i%`$N%a%$%sItJ,$r<($7$^$9$,!$$=$N7W;;$NN.$l$,J,$+$k$H;W$$

$^$9!%

C ************************************************
C ** VORTICITY TRANSPORT EQUATION AND **
C ** POISSON EQUATION FOR STREAM FUNCTION **
C ** SOLVED BY FINITE DIFFERENCE METHOD **
C ** **
C ** NON-CONSERVATIVE FORM **
C ** **
C ** EXPLICIT TIME MARCHING METHOD **
C ** **
C ** CARTESIAN COORDINATE (CAVITY FLOW) **
C ** **
C ** THE 2ND ORDER CENTERED SCHEME **
C ** **
C ** 1988/4/27 COMPRESSOR **
C ************************************************
C
C **********************
C ** MAIN ROUTINE **
C **********************
C

IMPLICIT DOUBLE PRECISION (A-H,O-Z)
COMMON /TIMEC/ DT,TIME,NSTEP

C
C

CALL INIT =i4|>r7o$N@_Dj
C

CALL CLEAR G[Ns$N0 %/%j%"
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C
C
C ***** EXPLICIT TIME MARCHING LOOP*****
C
C

DO 300 ISTEP=1,NSTEP ;~4V?J9T$N%k!<%W
C

WRITE(* , * )'TIME=',TIME
C

TIME=TIME+DT
C

CALL STREAM N.$l4X?t$N7W;;
C

CALL BOUND 12EY$N6-3&>r7o$N@_Dj
C

CALL VORT 12EY$N7W;;
C

CALL JUDGE(ERRM,ISTEP) Dj>oH=Dj
C

IF(ERRM.LT.1.D-6) GOTO 90 Dj>o$K$J$C$?$i%k!<%W$+$i=P$k
C
C

300 CONTINUE
C

90 CONTINUE
C
C

CALL OUTPUT(ISTEP) 7k2L$r%U%!%$%k$K=PNO
C
C

STOP
END

$3$N$h$&$J%"%k%4%j%:%`$G2r@O$r9T$$$^$9!%$"$H$N:Y$+$J7W;;$d@_Dj$O!$3F%5%V%k!<%A%s

$G7h$a$F$d$l$P$h$$$N$G$9!%$3$N$h$&$K!$%W%m%0%i%`$rJ,$+$j0W$/$^$H$a$k$3$H$r9=B$

2=$H8@$$!$$3$N$h$&$J9=B$2=$7$?=q$-J}$r$9$k$H%W%m%0%i%`$NFbMF$,NI$/J,$+$k$H;W$$

$^$9!%

$5$F!$<B:]$K%-%c%S%F%#!<N.$lLdBj$r2r$$$F9T$/$o$1$G$9$,!$2r@O7k2L$rI>2A$9$k>l9g

$K$ODj>o2r$rLdBj$K$9$k$3$H$,B?$$$N$G$9!%Dj>o2r$r5a$a$k$H$$$&$3$H$O;~4VE*$KJQ2=$7

$J$/$J$C$?2r$r5a$a$k$H$$$&$3$H$G$9$N$G!$
P

(³ n +1
i; j ¡ ³ n

i; j ) $,>.$5$/$J$C$?$b$N$rDj>o

2r$H8+$J$9$3$H$K$7$^$9!JJ?6Q<+>h;D:9$H8F$S$^$9!K!%i !$ j $O3F:BI8<4J}8~$N3J;RE@?t$r

I=$7$^$9!%$3$l$, 10¡ 5 » 10¡ 8 0J2<$K$J$C$?$H$-$KDj>o$H8+$J$9$3$H$,B?$$$h$&$G$9$,!$

LdBj$K$h$C$FJQ$($F$$$/I,MW$,$"$j$^$9!%



70Bh5>O Hs05=LG4@-N.$l$N2r@O5.1!!%-%c%S%F%#!<%U%m!<$r2r@O$9$k%W%m%0%i%`$r:n@.$7!$%l%$%N%k%:?t100!$400!$1000$NN.$l$r2r@O$;$h!%J,3d$O50J,3d$H$7!$Dj>o2r$,F@$i$l$k$^$G7W;;$;$h!%$^$?$=$N$H$-$N%-%c%S%F%#!<Cf?4@~>eB.EYJ,I[$r%0%i%U$K$;$h!%0J2<$NGhia$i$N7k2L$HHf3S$;$h!%
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Table 5.2 y = 0 :5 $G$Ny <4$K?bD>$JCGLL$NB.EYv $NCM

x 100 400 1000 3200 5000 7500 10000

1:0000 1:00000 1:00000 1:00000 1:00000 1:00000 1:00000 1:00000

0:9688 ¡ 0:05906 ¡ 0:12146 ¡ 0:21388 ¡ 0:39017 ¡ 0:49774 ¡ 0:53858 ¡ 0:54302

0:9609 ¡ 0:07391 ¡ 0:15663 ¡ 0:27669 ¡ 0:47425 ¡ 0:55069 ¡ 0:55216 ¡ 0:52987

0:9531 ¡ 0:08864 ¡ 0:19254 ¡ 0:33714 ¡ 0:52357 ¡ 0:55408 ¡ 0:52347 ¡ 0:49099
0:9453 ¡ 0:10313 ¡ 0:22847 ¡ 0:39188 ¡ 0:54053 ¡ 0:52876 ¡ 0:48590 ¡ 0:45863

0:9063 ¡ 0:16914 ¡ 0:23827 ¡ 0:51550 ¡ 0:44307 ¡ 0:41442 ¡ 0:41050 ¡ 0:41496

0:8594 ¡ 0:22445 ¡ 0:44993 ¡ 0:42665 ¡ 0:37401 ¡ 0:36214 ¡ 0:36213 ¡ 0:36737

0:8047 ¡ 0:24533 ¡ 0:38598 ¡ 0:31966 ¡ 0:31184 ¡ 0:30018 ¡ 0:30448 ¡ 0:30719
0:5000 0:05454 0:05186 0:02526 0:00999 0:00945 0:00824 0:00831

0:2344 0:17527 0:30174 0:32235 0:28188 0:27280 0:27348 0:27224

0:2266 0:17507 0:30203 0:33075 0:29030 0:28066 0:28117 0:28003

0:1563 0:16077 0:28124 0:37095 0:37119 0:35368 0:35060 0:35070

0:0938 0:12317 0:22965 0:32627 0:42768 0:42951 0:41824 0:41487
0:0781 0:10890 0:20920 0:30353 0:41906 0:43648 0:43564 0:43124

0:0703 0:10091 0:19713 0:29012 0:40917 0:43329 0:44030 0:43733

0:0625 0:09233 0:18360 0:27485 0:39560 0:42447 0:43979 0:43983

0:0000 0:00000 0:00000 0:00000 0:00000 0:00000 0:00000 0:00000
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F %3!<%R!<%V%l%$%/

¶ %l%*%s%O%k%H!&%*%$%i!< !JLeonhard Euler, 1707 » 1783!K ³

!I%*%$%i!<$O!$?M$,8F5[$9$k$h$&$K!$OI$,6uCf$K?H$r;Y$($k$h$&$K!$

$O$?L\$K$O2?$N6lO+$b$J$/7W;;$r$7$F$$$?!I

!!$3$N8@MU$O!$Ev;~!$2r@O3X$N8"2=$H8F$P$l!$;K>e:G$bB?;:$J?t3X<TL. %*%$%i!<$r

>N$7$?8@MU$G$9!%H`$O$3$N8@MU$N$H$*$j!$HfN`$J$$?t3XE*NONL$r;}$A9g$o$;$?4uM-$N

BgE7:M$@$C$?$N$G$9!$N.BNNO3X$d?t3X$r3X$s$@3'$5$s$bL>A0$@$1$G$J$/!$H`$N0NBg$J

8y@S!J%*%$%i!<$N8x<0!$%*%$%i!<J}Dx<0Ey¢ ¢ ¢!K$N?t!9$r8fB8CN$@$H;W$$$^$9!%

!!H`$O!$ 1704G/ 4 7n 15 F|%9%$%9$N%P!<%<%k$K@8$^$l$?!%Ic?F$N%Q%&%k$bM%$l$??t

3X<T$G$7$?$,!$B);R%l%*%s%O%k%H$K$OKR;U$K$J$k$3$H$rK>$s$G$$$^$7$?!%$7$+$7!$$"

$NM-L>$J%Y%k%L!<%$2H$N?M!9$,B);R$5$s$OKR;U$G$O$J$/!$Bg?t3X<T$K$J$k$@$m$&$H@b

$$$?$N$G!$Ic?F%Q%&%k$O;EJ}$J$/$"$-$i$a$?$H8@$o$l$F$$$^$9!%$3$&$7$F!$L. %*%$

%i!<$O?t3X<T$H$7$F$NF;$rJb$_$@$7$?$o$1$G$9!%$3$N8e!$H`$O!$%m%7%"$d%I%$%D$G8&

5f$rB3$1!$?tB?$/$NO@J8!JG/J?6Q800JG!K$rH/I=$7B?$/$N7|>^$rF@$^$7$?!%$b$A$m$s

7|>^$@$1$G$J$/CO0L$bL>@<$bF@$^$7$?!%HUG/!$%*%$%i!<$O;kNO$rL5$/$9$H$$$&IT9,$K

8+Iq$o$l$^$7$?$,!$;RHQG:$NH`$OB9$rI($N>e$K>h$;O@J8$r=q$-B3$1!$1783G/ 9 7n 18

F| 76 :P$N@836$rJD$8$k$^$G@d$(4V$J$/8&5f$rB3$1$F$$$?$=$&$G$9!%
µ ´



5.3 1"2rK!$K$h$kN%;62= 73

1"2rK!$K$h$kN%;62= 5.3

$5$F!$5.2@a$G@bL@$7$?M[2rK!$O%*%$%i!<$Nforward scheme$H8F$P$l$k$b$N$G$9$,!$$3

$NJ}K!$G$O6u4VJ,3d?t$,A}2C$7$F$/$k$H;~4V4V3V$rHs>o$K>.$5$/$7$J$$$H7W;;$,0BDj$K?J

9T$7$^$;$s!%$7$?$,$C$F!$Dj>o2r$r5a$a$k>l9g$J$I$OBgJQ$J7W;;;~4V$,I,MW$H$J$j$^$9!%

$=$3$G7W;;;~4V$rC;=L$9$k!$$9$J$o$A;~4V4V3V$rBg$-$/$9$k$?$a$K1"2rK!!J%*%$%i!<$N

backward scheme!K$rMQ$$$k$3$H$,M-8z$K$J$j$^$9!%1"2rK!$O0BDj2r@O$G$OL5>r7o0BDj$G

$"$k$N$G!$M[2rK!$KHf$YHs>o$KBg$-$J;~4V4V3V$r$H$k$3$H$,$G$-$^$9!J<B:]7W;;$r$7$F$_

$k$HJ,$+$j$^$9$,B?$/$N>l9g!$1"2rK!$N$[$&$,7W;;;~4V$,C;$/$F:Q$_$^$9!K!%$=$3$G!$$3

$3$G$O1"2rK!$K$D$$$F@bL@$7$^$9!%1"2rK!$K$J$C$F$bJQ$o$k$N$O12EYM"AwJ}Dx<0$N;~4V@Q

J,$@$1$G$9$N$G!$N.$l4X?t$N2r@OK!$OM[2rK!$N>l9g$HF1$8$H$J$j$^$9!%$^$:12EYM"AwJ}Dx

<0$r1"E*$KN%;62=$9$k$H0J2<$N<0$,F@$i$l$^$9!%

³ n +1
i; j ¡ ³ n

i; j

¢ t
+

Ãn
i; j +1 ¡ Ãn

i; j ¡ 1

2¢ y

³ n +1
i +1 ; j ¡ ³ n +1

i ¡ 1; j

2¢ x

¡
Ãn

i +1 ; j ¡ Ãn
i ¡ 1; j

2¢ x

³ n +1
i; j +1 ¡ ³ n +1

i; j ¡ 1

2¢ y

=
1

Re
(
³ n +1

i +1 ; j ¡ 2³ n +1
i; j + ³ n +1

i ¡ 1; j

¢ x2 +
³ n +1

i; j +1 ¡ 2³ n +1
i; j + ³ n +1

i; j ¡ 1

¢ y2 )

(5.10)

JQ7A$9$k$H
·
1 +

2¢ t
Re

µ
1

¢ x2 +
1

¢ y2

¶¸
³ n +1

i; j

= ³ n
i; j ¡ ¢ t

·
CU ¢CX ¡ CV ¢CY ¡

1
Re

(VX + VY )
¸ (5.11)

$?$@$7

CX =
³ n +1

i +1 ; j ¡ ³ n +1
i ¡ 1; j

2¢ x
; CY =

³ n +1
i; j +1 ¡ ³ n +1

i; j ¡ 1

2¢ y

VX =
³ n +1

i +1 ; j ¡ ³ n +1
i ¡ 1; j

¢ x2 ; VY =
³ n +1

i; j +1 ¡ ³ n +1
i; j ¡ 1

¢ y2

(5.12)

SOR K!$rE,MQ$9$k$H

(³ n +1
i; j )(k+1) = ³ (k )

i; j + ! [(³ n +1
i; j )(k+1) ¡ ³ (k )

i; j ] (5.13)
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(5.13) <0$r<}B+$9$k$^$G7W;;$9$k$3$H$K$h$C$F<!$N;~9o$N12EY$,5a$^$j$^$9!%<}B+H=Dj$O

10¡ 5 » 10¡ 7 $,MQ$$$i$l!$DL>o?t2s$NH?I|$G<}B+$7$^$9!%M[2rK!$NLdBj$r1"2rK!$rMQ$$$F

7W;;$7$F$_$F2<$5$$!%

M"AwJ}Dx<0$N0BDj@-5.4

$5$F!$M[2rK!!$1"2rK!$K94$o$i$:;~4V4V3V$H6u4V4V3V$r$$$/$D$K@_Dj$7$?$i$h$$$+$H$$

$&$3$H$,LdBj$K$J$j$^$9!%$3$l$i$O7W;;$,0BDj$K?J$`HO0O$K@_Dj$7$J$1$l$P$$$1$^$;$s!%

N.$l$N2r@O$r9T$&>l9g!$:G$bLdBj$K$J$k$N$O$O$?$7$F7W;;$7$?Ez$($,$"$C$F$$$k$N$@$m$&

$+ ? $H$$$&$3$H$J$N$G$9!%7W;;$r9T$&>l9g$KCm0U$7$J$1$l$P$J$i$J$$$N$,!$7W;;$O$?$H

$(J}K!$,4V0c$C$F$$$F$bEz$($,=P$F$/$k$H$$$&$3$H$G$9!%$5$i$K!$N.$l2r@O$N>l9g$O7W;;

K!$,@5$7$/$F$b3J;R4V3V$d;~4V9o$_$N@_Dj$K$h$j@5$7$/$J$$Ez$($r=P$9$H$$$&$3$H$,5s$2

$i$l$^$9!%$3$N$h$&$J$3$H$O@dBPHr$1$J$1$l$P$J$j$^$;$s!%>\$7$/$O8e$G=R$Y$^$9$,!$$3

$3$G$O$^$:!$0BDj$K7W;;$r?J$a$k$?$a$N>r7o$K$D$$$F9M$($F$_$^$7$g$&!%12EYM"AwJ}Dx<0

$NBe$o$j$K<!$N%P!<%,!<%:J}Dx<0$r9M$($^$9!%

@³
@t

+ u
@³
@x

= º
@2³
@x2

(5.14)

>e<0$rFTCS K!$GN%;62=$9$k$H

³ n +1
i ¡ ³ n

i

¢ t
+ ui

³ n
i +1 ¡ ³ n

i ¡ 1

2¢ x
= º

³ n
i +1 ¡ 2³ n

i + ³ n
i ¡ 1

¢ x2 (5.15)

C = u¢ t
¢ x !$ R = u¢ x

º $H$*$$$F>e<0$r@0M}$9$k$H

³ n +1
i = ³ n

i ¡
C
2

(³ n
i +1 ¡ ³ n

i ¡ 1) +
C
R

(³ n
i +1 ¡ 2³ n

i + ³ n
i ¡ 1)

= C
µ

1
R

+
1
2

¶
³ n

i ¡ 1 +
µ

1 ¡
2C
R

¶
³ n

i + C
µ

1
R

¡
1
2

¶
³ n

i +1

(5.16)

>e<0$K$*$$$FC $O%/!<%i%s?t!$R $O%;%k%l%$%N%k%:?t$H8F$P$l$k$b$N$G!$N.$l2r@O$K$*

$$$FHs>o$K=EMW$J$b$N$G$9!%(5.16) <0$KBP$7$F%U%)%s!&%N%$%^%s$N0BDj2r@O$r9T$$$^$9!%

³ n
i = gn exp[Ik (i¢ x)] (5.17)
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$r (5.16) <0$KBeF~$7$F@0M}$9$k$H

gn +1 exp[Ik (i¢ x)] = C
µ

1
R

+
1
2

¶
gn exp[Ik (i ¡ 1)¢ x]

+
µ

1 ¡
2C
R

¶
gn exp[Ik (i¢ x)] + C

µ
1
R

+
1
2

¶
gn exp[Ik (i + 1)¢ x]

(5.18)

>e<0$NN>JU$rgn exp[Ik (i¢ x)] $G3d$k$H

g = C
µ

1
R

+
1
2

¶
exp[¡ Ik ¢ x] +

µ
1 ¡

2C
R

¶
+ C

µ
1
R

+
1
2

¶
exp[Ik ¢ x]

= 1 ¡ I ¢C sin(k¢ x) ¡
2C
R

[1 ¡ cos(k¢ x)]

(5.19)

G.EAF3$N$H$-$HF1$8$G!$n ;~9o$K?6I} g GH?tk $NGH$rF~$l$?$H$-$Kn + 1 ;~$KA}I}N($,

1 $h$j>.$5$/$J$i$J$1$l$P8m:9$,@.D9$7$F$$$/$3$H$K$J$j$^$9!%$7$?$,$C$F0BDj>r7o$H$7

$F!$>e<0$N<B?tItJ,$H5u?tItJ,$, 1 $h$j>.$5$$$H$-$,0BDj$H$J$j$^$9!%

j1 ¡ I ¢C sin(k¢ x)j < I
¯
¯
¯
¯1 ¡

2C
R

[1 ¡ cos(k¢ x)]

¯
¯
¯
¯ < 1

JQ7A$9$k$H

jC sin(k¢ x)j < 1

sin $O1 0J2<$G$"$k$N$G

jCj < 1 (5.20)

>e<0$O%/!<%i%s!$%U%j!<%I%j%/%9$H%l%S%#$NO@J8$K$h$C$F;XE&$5$l$?$N$G!$H`$i$NF,J8;z

$r$H$C$FCFL >r7o$H8F$P$l$F$$$^$9!%$b$&0l$D$N<0$rJQ7A$9$k$H

1 ¡ cos(k¢ x) · 2

$7$?$,$C$F2C
R · 1 $H$J$k$N$GJQ?t$r85$KLa$9$H!$0J2<$N<0$,F@$i$l$^$9!%

¢ t <
¢ x2

2º
(5.21)

$3$l$i$N$3$H$h$jM[2rK!$N>l9g!$(5.20)!$ (5.21) <0$N>r7o$r<i$i$J$1$l$P0BDj$J2r@O$,$G

$-$J$$$3$H$,J,$+$j$^$9!%
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$D$.$K!$1"2rK!$N>l9g$K$D$$$F9M$($^$9!%:9J,J}Dx<0$O0J2<$N$h$&$KI=$5$l$^$9!%

³ n +1
i ¡ ³ n

i

¢ t
+ ui

³ n +1
i +1 ¡ ³ n +1

i ¡ 1

2¢ x
= º

³ n +1
i +1 ¡ 2³ n +1

i + ³ n +1
i ¡ 1

¢ x2 (5.22)

M[2rK!$N>l9g$HF1MM$K!$%/!<%i%s?t$H!$%;%k%l%$%N%k%:?t$rMQ$$$FJQ7A$9$k$H

³ n +1
i = ³ n

i ¡
C
2

(³ n +1
i +1 ¡ ³ n +1

i ¡ 1 ) +
C
R

(³ n +1
i +1 ¡ 2³ n +1

i + ³ n +1
i ¡ 1 ) (5.23)

³ n
i = ¡ C

µ
1
R

+
1
2

¶
³ n +1

i ¡ 1 +
µ

1 +
2C
R

¶
³ n +1

i + C
µ

1
R

¡
1
2

¶
³ n +1

i +1 (5.24)

A}I}N($r5a$a$k$H

gn exp[Ik (i¢ x)] = ¡ C
µ

1
R

+
1
2

¶
gn +1 exp[Ik (i ¡ 1)¢ x]

+
µ

1 +
2C
R

¶
gn +1 exp[Ik (i¢ x)]

+ C
µ

1
R

¡
1
2

¶
gn +1 exp[Ik (i + 1)¢ x]

(5.25)

%$%/%9%]!<%M%s%7%c%k$G3d$k$H

1 = ¡ C
µ

1
R

+
1
2

¶
gexp[¡ Ik ¢ x]+

µ
1 +

2C
R

¶
g+ C

µ
1
R

¡
1
2

¶
gexp[Ik ¢ x] (5.26)

;03Q4X?t$N8x<0!J%*%$%i!<$N8x<0!$$"$k$$$O%I!&%b%"%V%k$N8x<0!K$rMQ$$$FJQ7A$9$k$H

¡
2C
R

gcos(k¢ x) + C ¢I sin(k¢ x) +
µ

1 +
2C
R

¶
g = 1 (5.27)

$h$C$F

g =
1

1 +
2C
R

[1 ¡ cos(k¢ x)] + C ¢I sin(k¢ x)
(5.28)

>e<0$rJQ7A$9$k$H

g =
1 +

2C
R

[1 ¡ cos(k¢ x)] ¡ C ¢I sin(k¢ x)
½

1 +
2C
R

[1 ¡ cos(k¢ x)]
¾2

+ C2 sin2(k¢ x)

(5.29)
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$7$?$,$C$F

g =

½
1 +

2C
R

[1 ¡ cos(k¢ x)]
¾2

¡ C2 sin2(k¢ x)

½
1 +

2C
R

[1 ¡ cos(k¢ x)]
¾2

+ C2 sin2(k¢ x)

=
1

+ ½
1 +

2C
R

[1 ¡ cos(k¢ x)]
¾2

+ C2 sin2(k¢ x)

*

(5.30)

(5.30) <0$NJ,Jl$O1 $h$jBg$-$/$J$k$N$GA}I}N($, 1 $h$jBg$-$/$J$k$3$H$O$"$j$^$;$s!%$7

$?$,$C$F!$L5>r7o0BDj$H$J$j$^$9!%$=$l$G$O;~4V9o$_$r$I$l$@$1$G$bBg$-$/$G$-$k$+$H$$

$&$H!$;DG0$J$,$i$=$&$O$$$-$^$;$s!%1"2rK!$N>l9g$OO"N)J}Dx<0$r2r$/$3$H$K$J$k$?$a!$

78?t9TNs$,$G$-$^$9!%$3$N78?t9TNs$K5U9TNs$,B8:_$7$J$1$l$P!$O"N)J}Dx<0$r2r$/$3$H$,

$G$-$^$;$s!%5U9TNs$,B8:_$9$k$?$a$K$OM%BP3Q$N>r7o$rK~B-$7$F$$$J$1$l$P$J$i$J$$$N$G

$9!%$3$N>r7o$r@bL@$9$k$?$a$K<!$N$h$&$J9TNs$r9M$($F$_$^$9!J$3$N$h$&$J9TNs$r;0=EBP

3Q9TNs$H$$$$$^$9!K!%
2

6
6
6
6
6
6
4

b c
a b c

a b c
a b c

a b c
a b

3

7
7
7
7
7
7
5

(5.31)

>e<0$G<($5$l$?9TNs$Nb$rBP3Q@.J,$H$$$$$^$9!%M%BP3Q$N>r7o$H$$$&$N$O!$3F9T$GBP3Q@.

J,$,$=$l0J30$N@.J,$NOB$h$j$bBg$-$$$3$H$r$$$$$^$9!%<0$G=q$/$H

jbj > jaj + jcj (5.32)

(5.32) <0$r (5.24) <0$KE,MQ$9$k$H

1 +
2C
R

>

¯
¯
¯
¯
C
2

+
C
R

¯
¯
¯
¯ +

¯
¯
¯
¯
C
2

¡
C
R

¯
¯
¯
¯ (5.33)

$7$?$,$C$F

1 +
2C
R

> jCj ) jRj < 4 (5.34)

$h$C$F1"2rK!$N>l9g$O%;%k%l%$%N%k%:?t$r0BDj>r7oFb$KF~$k$h$&$K;~4V4V3V$H6u4V4V3V$r

7hDj$7$J$1$l$P0BDj$J2r@O$,$G$-$J$$$3$H$,J,$+$j$^$9!%
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F %3!<%R!<%V%l%$%/

¶ %k!<%I%t%#%R!&%W%i%s%H%k !JLudwig Prandtl, 1875 » 1953!K ³

!!%J%S%($H%9%H!<%/%9$,@8$_=P$7$?G4@-N.BN$NN.F0$rI=$9J}Dx<0$O!$B?$/$N8&5f<T$,

$=$N07$$J}$r8&5f$7$^$7$?$,!$C/$b$&$^$/07$&$3$H$,$G$-$J$$>uBV$G$7$?!%$3$N$h$&

$JCf!$1904G/!$%O%N!<%P!<9)2JBg3X$N%W%i%s%H%k$,8 JG$NC;$$O@J8$rH/I=$7$^$7$?!%

28 :P$N<c<T$,=q$$$?$3$NO@J8$K$O!$$=$l$^$G$K$O$J$+$C$?6-3&AX$H$$$&35G0$,<($5

$l!$$5$i$K!$$=$NCf$G$O%J%S%(!&%9%H!<%/%9J}Dx<0$,4JAG2=$5$l$k$3$H$r<($7$?2h4|

E*$J$b$N$G$7$?!%$3$N4JAG2=$O!$%J%S%(!&%9%H!<%/%9J}Dx<0$H$$$&MW:I$N>k3T$N0lIt

$r8+;v$KJx$7!$$=$NMMAj$r$o$:$+$J$,$i$G$bCN$k$3$H$,$G$-$k$h$&$K$J$C$?$N$G$7

$?!%H`$O$3$N6H@S$K$h$j!$%2%C%A%s%2%sBg3X$N65<x$H$7$F>7$X$$$5$l!$<!!9$K8&5f5!

4X$r:n$j!$?tB?$/$N<B83$dM}O@$r@8$_=P$7$F$$$C$?$N$G$7$?!%$3$l$i$N7k2L$O$H$/

$K!$9R6u9)3X$G2V$r3+$-!$:#F|$N9R6u9)3X$N$[$H$s$I$9$Y$F$N4pAC$rC[$$$?$H$$$C$F

$b2a8@$G$O$"$j$^$;$s!%

!!%W%i%s%H%k$O?MIU$-9g$$$,6l<j$J?M$G$b$"$j$^$7$?!%H`$OBhFs<!@$3&Bg@oCf$bG.

?4$K8&5f$r9T$$$^$7$?$,!$@oAh$,5/$3$C$F$$$k$3$H$rK:$l$k$3$H$b$7$P$7$P$@$C$?$h

$&$G$9!%%T%"%N$N1iAU$,9%$-$@$C$?%W%i%s%H%k$,0i$F$?Do;R$?$A$O!$$=$N8e$N2J3XJ,

Ln$KBg$-$J9W8%$r$7$?$N$G$7$?!%
µ ´
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A
%W%m%0%i%`%j%9%H

Program list

C *************************************************
C ** THE UNSTEADY VISCOUS FLOW COMPUTATION **
C ** **
C ** VORTICITY TRANSPORT EQUATION AND **
C ** POISSON EQUATION FOR STREAM FUNCTION **
C ** **
C ** FORWARD TIME CENTERED SPACE METHOD **
C ** **
C ** CARTESIAN COORDINATE **
C ** **
C ** FOR PC9801 VERSION **
C ** **
C ** 1989/12/17 fluid reseach **
C *************************************************
C
C
C **********************
C *** MAIN ROUTINE ***
C **********************
C

CALL INIT
C

CALL CLEAR
C

CALL CALFLW
C



82 IUO?A %W%m%0%i%`%j%9%H

CALL OUTPUT
C
C

STOP
END

C
C ************************
C ** TIME MARCHING LOOP**
C ************************
C

SUBROUTINE CALFLW
IMPLICIT DOUBLE PRECISION(A-H,O-Z)
COMMON /TIMEC/ TIME
COMMON /CONST1/ RE,DT

C
LOOP=0

C
50 LOOP=LOOP+1

C
C

CALL STREAM
C

CALL BOUNDV
C

CALL VORT
C

CALL JUDGE(ERR)
C

TIME=TIME+DT
C

IF(MOD(LOOP,100).EQ.0) THEN
C

WRITE(* ,600) TIME,ERR
600 FORMAT(' TIME & RESIDUAL=',F10.4,2X,E9.4)

C
END IF

C
IF(TIME.GT.500.D0) GOTO 60
IF(ERR.LT.1.D-6) GOTO 90

C
GOTO 50

C
60 WRITE( * ,610)

610 FORMAT(' NOT CONVERGED!')
C
C

90 RETURN
END

C
C ***********************************
C ** INITIAL CONDITION SETTING **
C ***********************************
C

SUBROUTINE INIT
C

PARAMETER (MX=512,MY=512)
IMPLICIT DOUBLE PRECISION(A-H,O-Z)
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COMMON /DIVIDE/ NX,NY,NXM1,NYM1
COMMON /ITERAT/ ITER1
COMMON /CONV1/ OMEGA1,EPS1
COMMON /CONST1/ RE,REI,DT
COMMON /TIMEC/ TIME
COMMON /DELTA/ DX,DY,DXI,DYI,DX2I,DY2I

C
C ***** NUMBER OF FIELD DIVIDE*****
C

NX =21
NY =21
NXM1=NX-1
NYM1=NY-1

C
C ***** DIVIDE LENGTH *****
C

DX =1.0D0/DFLOAT(NXM1)
DY =1.0D0/DFLOAT(NYM1)
DXI =1.0D0/DX
DYI =1.0D0/DY
DX2I=1.0D0/DX/DX
DY2I=1.0D0/DY/DY

C
C **** ITERATION CONSTANT FOR POISSON EQ.*****
C

ITER1 =100
OMEGA1=1.8D0
EPS1 =1.0D-6

C
C *** REYNOLDS NUMBER***
C

RE =100.0D0
REI=1.D0/RE

C
DT=0.001D0

C
C

RETURN
END

C
C **********************************
C ** SUBROUTINE ARRAY INITIALIZED **
C **********************************
C

SUBROUTINE CLEAR
C

PARAMETER (MX=512,MY=512)
IMPLICIT DOUBLE PRECISION(A-H,O-Z)
COMMON /FLOW/ PSI(MX,MY),ZETA(MX,MY)
COMMON /DIVIDE/ NX,NY,NXM1,NYM1

C
DO 100 J=1,NY
DO 100 I=1,NX

C
PSI(I,J) =0.0D0

100 ZETA(I,J)=0.0D0
C
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C
C READ(12,600) NX,NY,RE,TIME
C 600 FORMAT(2I5,F10.1,F10.4)
C
C READ(12,610)((PSI(I,J),ZETA(I,J),I=1,NX),J=1,NY)
C 610 FORMAT(2F15.7)
C
C

RETURN
END

C
C ******************************
C ** RESULTS OUTPUT TO FILE **
C ******************************
C

SUBROUTINE OUTPUT
C

PARAMETER (MX=512,MY=512)
IMPLICIT DOUBLE PRECISION(A-H,O-Z)
COMMON /FLOW/ PSI(MX,MY),ZETA(MX,MY)
COMMON /DIVIDE/ NX,NY,NXM1,NYM1
COMMON /DELTA/ DX,DY,DXI,DYI,DX2I,DY2I
COMMON /CONST1/ RE,REI,DT
COMMON /TIMEC/ TIME
DIMENSION X(MX),UU(MY),VV(MX)

C
WRITE(3,600) NX,NY,RE,TIME

600 FORMAT(2I5,F10.1,F10.4)
C

WRITE(3,610)((PSI(I,J),ZETA(I,J),I=1,NX),J=1,NY)
610 FORMAT(2F15.7)

C
IH=(NX+1)/2

C
DO 110 J=2,NYM1

C
UU(J)= 0.5D0 * (PSI(IH,J+1)-PSI(IH,J-1)) * DYI

110 X(J)=DBLE(J-1)/DBLE(NY-1)
C

JH=(NY+1)/2
C

DO 120 I=2,NXM1
C

120 VV(I)=-0.5D0 * (PSI(I+1,JH)-PSI(I-1,JH)) * DYI
C

X(NY)=1.D0
UU(NY)=1.D0

C
WRITE(10,650) (X(J),UU(J),VV(J),J=1,NY)

650 FORMAT(3F10.5)
C
C

RETURN
END

C
C *******************************
C ** JUDGEMENT OF STEADY STATE**



85

C *******************************
C

SUBROUTINE JUDGE(ERRS)
C

PARAMETER (MX=512,MY=512)
IMPLICIT DOUBLE PRECISION(A-H,O-Z)
COMMON /DIVIDE/ NX,NY,NXM1,NYM1
COMMON /FLOW/ PSI(MX,MY),ZETA(MX,MY)
COMMON /OLDZ/ ZO(MX,MY)

C
C $I$NE@$G:GBgCM$r<h$C$F$$$k$+$OJ,$+$i$J$$
C $=$l$,J,$+$k$h$&$KJQ99$7$h$&
C

ERRS=0.D0
C

DO 100 J=2,NYM1
DO 100 I=2,NXM1

C
SQZ=(ZETA(I,J)-ZO(I,J)) ** 2

100 ERRS=ERRS+SQZ
C

ERRS=DSQRT(ERRS/DFLOAT((NX-2)* (NY-2)))
C
C

RETURN
END

C
C **********************************
C ** VORTICITY BOUNDARY CONDITION**
C **********************************
C

SUBROUTINE BOUNDV
C

PARAMETER (MX=512,MY=512)
IMPLICIT DOUBLE PRECISION(A-H,O-Z)
COMMON /FLOW/ PSI(MX,MY),ZETA(MX,MY)
COMMON /DIVIDE/ NX,NY,NXM1,NYM1
COMMON /DELTA/ DX,DY,DXI,DYI,DX2I,DY2I

C
C

DO 100 I=1,NX
C

ZETA(I,1 )=
ZETA(I,NY)=

C
100 CONTINUE

C
DO 110 J=1,NY

C
ZETA(1 ,J)=
ZETA(NX,J)=

C
110 CONTINUE

C
C

RETURN
END
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C
C *******************************
C ** CALCULATE STREAM FUNCTION**
C *******************************
C

SUBROUTINE STREAM
C

PARAMETER (MX=512,MY=512)
IMPLICIT DOUBLE PRECISION(A-H,O-Z)
COMMON /FLOW/ PSI(MX,MY),ZETA(MX,MY)
COMMON /DIVIDE/ NX,NY,NXM1,NYM1
COMMON /ITERAT/ ITER1
COMMON /CONV1/ OMEGA1,EPS1
COMMON /DELTA/ DX,DY,DXI,DYI,DX2I,DY2I

C
C ***** SUCCESSIVE OVER RELAXATION LOOP*****
C

COEF=1.D0/(2.D0 * (DX2I+DY2I))
C

DO 300 LOOP=1,ITER1
C

ERR=0.0D0
C
C ***** CAL. INTERNAL POINT *****
C

DO 100 J=2,NYM1
DO 100 I=2,NXM1

C
PT=

C
DP=PT* COEF-PSI(I,J)

C
PSI(I,J)=PSI(I,J)+OMEGA1 * DP

C
ERR=ERR+DP* DP

C
100 CONTINUE

C
ERR=DSQRT(ERR/DFLOAT((NX-2)* (NY-2)))
IF(ERR.LT.EPS1) GOTO 99

C
300 CONTINUE

C
99 CONTINUE

C
CC WRITE(* ,600) LOOP,ERR
CC 600 FORMAT(' LOOP & ERROR=',I5,E12.5)
C
C

RETURN
END

C
C *************************
C ** CALCULATE VORTICITY **
C *************************
C

SUBROUTINE VORT
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C
PARAMETER (MX=512,MY=512)
IMPLICIT DOUBLE PRECISION(A-H,O-Z)
COMMON /FLOW/ PSI(MX,MY),ZETA(MX,MY)
COMMON /DIVIDE/ NX,NY,NXM1,NYM1
COMMON /DELTA/ DX,DY,DXI,DYI,DX2I,DY2I
COMMON /CONST1/ RE,REI,DT
COMMON /OLDZ/ ZO(MX,MY)
DIMENSION UU(MX,MY),VV(MX,MY)

C
DO 100 J=1,NY
DO 100 I=1,NX

C
100 ZO(I,J)=ZETA(I,J)

C
DO 110 J=2,NYM1
DO 110 I=2,NXM1

C
UU(I,J)=

110 VV(I,J)=
C
C

DO 120 J=2,NYM1
DO 120 I=2,NXM1

C
C ***** CONVECTIVE TERM *****
C

CONV=
&

C
C ***** VISCOUS TERM *****
C

VISC=
&

C
ZETA(I,J)=ZO(I,J)+DT * (-CONV+VISC* REI)

C
120 CONTINUE

C
C

RETURN
END




